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TOTALLY ORDERED COMMUTATIVE SEMIGROUPS 


A. H. CLIFFORD l 


Let S( +, <) be a system consisting of a set S endowed with an 
associative binary operation + and a total (= linear = simple) order 
relation <. The composition + and the relation < may be connected 
by either or both of the following conditions. 
l\1C (Monotone Condition). If a and b are elements of S such that 
a<b then a+c < b+c and c+a < c+b for all c in S. 
CC (Continuity Condition). (x, y)
x+y is a continuous mapping 
of S X S into S, where S is endowed with the order topology. 2 
We shall call S an ordered semigroup (abbreviated "o.s.") if MC 
holds, and an ordered topological semigroup (abbreviated "0. t.s.") if 
CC holds. 
2 below (Theorems 1-6) deals \vith the former, and 
3 
(Theorems 7-10) with the latter. An O.t.s. is an instance of a mob 
in the sense of A. D . Wallace [30]. 
If an o.s. S is a group with respect to +, then S is an ordered group, 
as customarily defined. In this case CC also holds. On the other hand, 
in each of Theorems 7-10, it turns out that MC emerges as a conse- 
quence of CC and other hypotheses. In general, however, MC and CC 
are independent. 
An o.s. S satisfies the strict MC, i.e. a <b implies a+c <b+c and 
c+a<c+b, if and only if it is cancellative, i.e. a+c=b+c or c+a 
=c+b implies a =b. 
In spite of the title, we shall not assume that S is commutative, i.e. 
a+b=b+a for all a, b in S. In each of Theorems 7-10 and also 
Theorem 1 (Hölder 1901), commutativity will not be a hypothesis, 
bu t \vill be a conclusion of the theorem. 
The bibliography (25 items) lists all papers known to me dealing 
with o.S. 's or o. t.S. 's which are not necessarily ordered groups. (Al- 
though every group is of course also a semigroup, the "theory of 
semigroups" does not presume to include the vastly larger theory of 
groups.) Items [9; 10; 16]; and [17] contain results on o.t.s.'s \vhich 


An address delivered before the Coral Gables meeting of the Society on November 
30, 1957 by invitation of the Committee to Select Hour Speakers for Southeastern 
Sectional f\1eetings; received by the editors March 3, 1958. 
1 This paper was prepared with the partial support of the National Science Foun- 
dation grant to Tulane University. 
2 For order topology, see for example Garrett Birkhoff [26, pp. 39-41]. Numbers 
in brackets refer to the bibliography and general references listed at the end of the 
paper. 
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are subsidiary to the main purpose of the paper. I terns [18] and [19] 
are principally concerned with partially ordered semigroups, but con- 
tain much of interest for totally ordered ones. 3 In all the rest, either 
o.s. 's or o. t.S. 's are the chief concern. It would be clearly impossible 
to give an adequate account of all of these in an hour. I have chosen 
to present ten theorems that appeal to me as interesting and signifi- 
cant. 
The general references, items [26-30], contain pertinent material, 
but nothing specifically on the subject of o.s. 's or o. t.S. 'so 
XOTATION. Let A and B be subsets of an o.s. or O.t.s. Then: 
(1) A +B means the set of all a+b with a in A, b in B; (2) A <B means 
a < b for all a in A, b in B; (3) A \B means the set of all elements in 
A but not in B. 
The whole paper has been expressed in additive notation for the 
sake of uniformity. l\10st of the references use multiplicative nota- 
tion, but additive ,vas chosen because it seems more natural for the 
basic examples ("fundamental semigroups") given in 
l. These are 
denoted by P, Ph PtJ Z, and Zn (n any positive integer). Other fixed 
symbols are P[l], pel), Z[n], defined in 
1, and R for the additive 
ordered group of all real numbers. 
ABBREVIATIONS. 
o.s. = ordered semigroup. 
O.c.S. = ordered commutative semigroup. 
o. t.S. = ordered topological semigroup. 
n.O. = naturally ordered. 
pos.o. = positively ordered. 
(p.o. = partially ordered). 
1. Basic definitions and examples. Let S be a semigroup. An ele- 
ment 0 of S is called an identity element if O+a=a+O=a for all a 
in S; it is unique if it exists. An element 00 of S is called an absorbent 
element if 00 +a =a+ 00 = 00 for all a in S; it is also unique if it exists. 
An element e of S is idempotent if e+e = e. 
Let aES, and let n be a positive integer. By na ,"
e mean 
a+a+ . . . +a (n tenns), and we call na a natural multiple of a. The 
set of natural multiples of a is a subsemigroup of S called the cyclic 
subsemigroup of S generated by a. The number of distinct multiples 
of a is the order of a. 
If S is an o.s., and a has finite order n, then either 
a < 2a < 3a < . . . < (n - 1)a < na = (n + 1)a = (n + 2)a = 


3 The same is true of Item [25a], of which I was unaware at the time thi!3 paper 
was written. 
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or the dual thereof; in either case, na is idempotent. By the dual of 
a statement we mean that obtained from it by interchanging < and 
>. By the dual of an o.s. or o.t.s. S( +, <), we mean S( +, >). 
Let S be a semigroup. A subset J of S is called an ideal if J +S C J 
and S+J c J. By the Rees difference-semigroup S-J (Rees [28, p. 
389]) \ve mean the semigroup CS\J)U { 00 }, where 00 does not repre- 
sent any element of S, with addition + defined as follows (a, b in 
S\J) : 


. { a + b 
a+b= 
00 


if a + b EE J, 
if a + b E J; 


00 +a= a+ 00 = 00 + 00 = 00. 


Let S be an o.s. or o. t.S. A subset A of S is called convex if a EA, 
bEA, xES, and a <x <b imply xEA. If J is a convex ideal, then 
S - J can be ordered by retaining the original order in S\J and de- 
claring, for any a in S\J, a< 00 or a> 00 according to \vhether a<J 
or a> J. If S is an O.S., so is S - J. If S is an o. t.s., and J is a closed 
interval, then S-J is also an O.t.S. We regard the sets {xl xES, x < c} 
and {xl xES, x > c}, with c a fixed element of S, as being closed 
in tervals. 
Let S and Sf be t\VO o.s. 's or two o. t.s. 'So A one-to-one mapping f 
of S into Sf is called an isomorphism if f(a+b) = f(a) +f(b) and if 
a <b implies f(a) <f(b) , for all a and b in S. We then say that S is 
embedded in Sf. If f maps S onto Sf, then we say that S and Sf are 
isomorphic. 
Let P be the ordered additive semigroup of all positive real num- 
bers, and Z that of all positive integers. Let 


P[l] = {xlxEP,x > 1}, 
Z[n] = {m 1m E Z, m > n}, 


P(l) = {x I x E P, x > 1}, 


n a fixed positive integer. 


P [1] and P(l) are convex ideals in P, likewise Z [n] in Z, and we 
may form the ordered Rees difference-semigroups 


PI = P - P[l], 


Pt = P - P(l), 


Zn = Z - Z[n]. 


We may visualize PI as the half-closed real interval (0, 1] with addi- 
tion + defined by a+b = min {a+b, 1}. We may visualize Pt as 
(0, l]U { 00 } with 


. { a + b 
a+b= 
00 


if a + b < 1, 
if a + b > 1. 
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Since P [1] is closed, PI is continuous (as ,veIl as montone); Pt* is 
monotone but not continuous. Every infinite cyclic o.s. is isomorphic 
with Z or its dual; every finite cyclic o.s. of order n is isomorphic with 
Zn or its dual. Being discrete, Z and Zn are continuous. 
P, Ph P 1 *, Z, and Zn (n a positive integer) will be called the funda- 
mental semigroups. Theorems 5, 6, and 10 below sho\v that extensive 
classes of o.s.'s and o. t.s.'s are constructible from the fundamental 
semigroups. Theorems 1 (A), 4(A), 8, and 9 characterize individual 
fundamental semigroups, or slight modifications thereof. 
Let S be an o.s. \Ve call S positively ordered (abbreviated "pos.o.") 
if a +b > a and a +b > b for all a, b in S. This differs from Yamada's 
definition, [25, p. 17], \"hich requires that a+b > a and a+b > b. 
If S contains an identity element 0 as its lower endpoint, then it 
is positively ordered; for, using the lYIC, a > 0 implies a+b > b, and 
b > 0 implies a+b > a. Conversely, let S be positively ordered. If S 
contains an identity element 0, then 0 is the lo,ver endpoint of S; 
and if S does not contain an identity element, one can be adjoined 
to S at its lo\ver end. 
\\Te say that an o.s. S is naturally ordered (abbreviated "n.o.") if 
it is positively ordered, and a <b implies that a+x =y+a = b for 
some x and y in S. An O.C.s. (commutative o.s.) S is n.o. if and only 
if the follo,ving is true: a < b (a, b in S) if and only if a = b or a +x = Ò 
for some x in S. The foregoing may be taken as the definition of a 
binary relation < in any commutative semigroup S. This relation is 
reflexive, transitive, and montone; it is indeed just the usual division 
relation \vhen S is ,vritten multiplicatively. It is a total ordering of S 
if and only if the trichotomy condition is satisfied: for any a, b of S, 
exactly one of the relations a < b, a = b, b < a holds. Klein-Barmen 
[14; 15] calIs an n.o.c.s. with identity element a linear holoid. If S 
is n.o., then every subsemigroup of S is pos.o. But there exist 
pos.o.c.s. 's ,vhich cannot be embedded in an n.o.c.s., e.g. N akada's 
Example 10, [19, p. 83]. The fundamental semigroups are all n.o. 
On the other hand, P[1], P(l), and Z[n] for n>1, are pos.o. but 
not n.o. 
An o.s. S ,viII be called archimedean if the following condition 
holds. Let a and b be any elements of S neither of which is the 
identity element of S (if such exists). (1) If 2a > a and 2b > b, then 
there exists a positive integer n such that na > b; and (2) if 2a < a 
and 2b < b then na < b for some n. If S is pos.o., (2) can be omitted 
and the hypothesis in (1) is redundant. 
An ordered set S is called (conditionally) complete if every subset 
of S bounded from above has a least upper bound. This is equivalent 
to the dual statement. I shall omit the modifier "conditionally." 
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Every complete ordered abelian group is archimedean, but this is 
not so for ordered commutative semigroups in general. The funda- 
mental 
emigroups are all complete and archimedean. 
A semigroup 5 will be called nil if it contains an absorbent element 
00, and if every element a of 5 is nilpotent: na = 00 for some positive 
integer n. PI, P 1 *, and Zn are nil. If a pos.o.c.s. S is nil, then 00 is 
the greatest element of S, and S is clearly archimedean. 
2. Algebraic theory. In this section we deal exclusively \vith O.s. 's 
5, and in fact with commutative ones except for Theorem 1. 
Theorem 1, due to Hölder [11], is the earliest and most funda- 
mental in this subject. Its statement has been rephrased in accord- 
ance with our present terminology. Immediate and celebrated conse- 
quences of Theorem 1 are: (A') every complete ordered group is 
isomorphic with the additive group R of all real numbers; (B') every 
archimedean ordered group can be embedded in R, and in particular 
must be abelian. 


THEOREM 1 (HÖLDER 1901). Let S be a cancellative, naturally ordered 
semigroup without identity element and without a least element. (A) S 
is isomorphic with P if and only if it is comPlete. (B) S can be embedded 
in P if and only if it is archimedean. 
This should be supplemented by the follo\ving, first proved by 
Huntington [12, p. 271, Case I; 13, Theorems I' and II']. I hasten 
to add that this is only a byproduct of these two papers, the main 
objective of which was to give independent and categorical systems 
of axioms for P, Z, and the additive ordered group of positive ra- 
tionals. 
SUPPLEMENT (HUNTINGTON 1902). Let S be a cancellative, naturally 
ordered semigroup without identity element and having a least element. 
If S is archimedean, then it is complete, and is isomorPhic with Z. 
If G is an ordered abelian group, let G+= {xlxEG, x > O}. Any 
subsemigroup of G is a cancellative o.c.s. Conversely, we have the 
following theorem, the first part of which is essentially \vell-known. 
The embedding of Z in the ordered additive group of all integers is 
a familiar special case. It does not, ho\vever, seem to be in the litera- 
ture in general form prior to being given explicit expression inde- 
pendently by Dov Tamari [21] in France, Alimov [2] in Russia, 
and N akada [18] in Japan. The last two assertions are made by 
N akada in Theorems 5 and 7 of [18]. 
THEOREM 2 (TAMARI 1949, ALIMOV 1950, NAKADA 1951). Every 
cancellative ordered commutative semigroup S can be embedded in an 
ordered abelian group G, unique to within isomorPhism, such that every 
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element of G is the difference of two elements of S. S is contained in the 
positive part G+ of G if and only if it is positively ordered. S = G+ or 
G+ \ { O} if and only if S is naturally ordered. 
This theorem does not hold as it stands if we remove the hypothesis 
that S be commutative. In 1953, Chehata [3] and Vinogradov [24] 
independently gave the same example of an ordered cancellative 
semigroup which cannot be embedded in a group. 
I t must not be supposed that embeddability in an ordered abelian 
group places the theory of cancellative o.c.s. 's outside the scope of 
the present theory. (The theory of subsemigroups of a group belongs 
to the theory of semigroups as well as to group theory!) For example, 
Yamada [25] characterizes an interesting class of subsemigroups of P. 
If S is a cancellative o.C.s., and G is its ordered difference-group, 
it is not always easy to predict properties of G from those of S. As 
an illustration, S may be archimedean but G nonarchimedean. For 
example, let S be the free commutative semigroup generated by two 
symbols x and y, i.e. S consists of all mx+ny (m and n non-negative 
integers, not both zero), with mx+ny =m'x+n'y if and only if m =m' 
and n=n'. Define mx+ny<m'x+n'y if m+n<m'+n', or if m+n 
= m' +n' and m < m'. Then it is easy to see that S is an archimedean, 
cancellative O.C.s. But G is not archimedean, for x>O and x-y>O, 
but n(x-y) <x for all n, since nx<x+ny in S. 
Alimov [2] gives an interesting criterion that G be archimedean. 
For simplicity, assume that S is a positively ordered, cancellative 
O.C.s. T,vo elements a, b of S are said to form an anomalous pair if, 
for every positive integer n, na < nb < (n + 1 )a. Then Alimov's cri- 
terion is: G is archimedean if and only if S contains no anomalous pair. 
The condition is plainly necessary, since, by Hölder's Theorem, if G 
is archimedean, it can be embedded in the additive group of all real 
numbers. To show the sufficiency, suppose G is not archimedean. 
Then there exist elements a, b, c of S such that a>c and n(a-c) <b 
for every n. Then (b+c, b+a) is an anomalous pair. For nc<na<b 
+nc, whence 


n (b + c) < n (b + a) < n b + b + nc < ("1 + 1) (b + c). 


Let I be an ordered set. To each i in I let correspond a pos.o.c.s. Si. 
For i
j in I, we assume that Si and Sj are disjoint. Let S=U iE1 Si. 
Order S so that Si < Sj if i <j, and such that order within each Si is 
the same as already defined. Define + in S extending the given opera- 
tion + in each Si, and such that if aESi, bES" and i <j, then a+b 
= b +a = b. One easily verifies that S is also a pos.o.c.s. We call S the 
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ordinal sum of the ordered set {sil iEI} of pos.o.c.s.'s Si. A pos.o.c.s. 
is called ordinally irreducible if it cannot be expressed as an ordinal 
sum of two or more subsemigroups. 


THEOREM 3 (KLEIN-BARMEN 1942, IN PART). Every positively (natu- 
rally) ordel'ed commutative semigroup is uniquely expressible as an 
ordinal sum of an ordered set of ordinally irreducible positively (natu- 
rally) ordered commutative semigroups. 
This theorem, for n.o.c.s.'s, was found by Klein-Barmen [14] for 
the case in \vhich S is finite or has the order type of the positive inte- 
gers, and the general case was given in [4]. The proof for pos.o.c.s. 's 
is \vord-for-\vord the same as that given in [4] for n.o.c.s. 's, replacing 
"ideal" by "upper class," except for trifling changes in the proof of 
Lemma 1.1, p. 633. Logically, this should be the basic theorem, and 
that for n.O.C.s. 's derived therefrom by observing that a pos.o.c.s. 
is naturally ordered if and only if all of its ordinally irreducible com- 
ponents are naturally ordered. Remark 1 of [4, p. 643], gives the 
erroneous impression that one may define the ordinal sum of any 
ordered set of o.c.s.'s Si (iEI). If i is not the least element of I, 
then it is necessary that Si be positively ordered; for if j < i, and aESj, 
then {a} US i is an o.c.s. with identity element at its lo\ver end. 
The follo\ving theorem is an amalgam of the Hölder-Huntington 
theorems and analogous results in [4] on noncancellative archimedean 
n.o.c.s. 'so The proof is not quite Ïtl1media te, and \\Till be given else- 
where [6]. 


THEORE
l 4. Let S be a naturally ordered commutative semigroup. 
(A) S is isomorPhic with a fundamental semigroup if and only if it is 
complete and ordinally irreducible. (B) S can be embedded in a funda- 
mental semigroup if and only if it is archimedean and has no identity 
element. 


The next theorem corrects an error in [4], namely the last state- 
ment in Remark 4, p. 644. The proof will be given in [6]. 


THEOREM 5. Let S be a naturally ordered commutative semigí'oup, 
and let S = U iE1 Si be its reduction into ordinally irreducible components 
Si (iEI). Then S is complete if and only if the following conditions are 
satisfied. 
(1) The ordered set I is complete. 
(2) For each i in I, Si is isomorphic w-ith a fundamental semigroup. 
(3) If i is an element of I having no immediate successor, but is not 
the greatest element of I, then Si must have a greatest element. 
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(4) If i is an element of I having no immediate predecessor, but is not 
the least element of I, then Si must have a least element. 
(5) If i, j is an adjacent pair of elements of I, with i <j, then either 
Si must have a greatest or Sj a least element. 
We remark that the fundamental semigroups having a greatest 
elelnent are Ph P 1 *, and Zn; those having a least element are Z and Zp, 
A natural two-fold objective is (1) to describe all complete o.c.s.'s, 
and (2) to describe all O.C.s. 's which can be completed, i.e. embedded 
in complete 0.c.S.'S.4 Theorem 5 solves (1) for the class of n.o.c.s.'s. 
In [6] it will be shown that an n.o.c.s. S can be embedded in a com- 
plete n.o.c.s. if and only if each ordinally irreducible component of S 
is archimedean. 
In his book [29] on cardinal algebras, Tarski devotes a section 
(
13, pp. 175-189) to semigroups. By "semigroup," Tarski means 
what I ,vould call a commutative, cancellative semigroup with iden- 
tity. In Theorem 13.27, Tarski gives conditions on a semigroup S 
(in his sense) ,vhich are necessary and sufficient that S be a general- 
ized cardinal algebra. The interesting cases are those in which the 
partial ordering in S is not total; for if it is total, S is then isomorphic 
with {o} UP or {o} UZ. If we do not require cancellation, there are 
more interesting totally ordered cases. As the prime example, the 
cardinal algebra of all cardinal numbers is an n.o.c.s. which is the 
ordinal sum of Z and a well-ordered set of one-element semigroups. 
In the following theorem, we give necessary and sufficient conditions 
on an n.o.c.s. that it be a generalized cardinal algebra. 
THEOREM 6. Let S be a naturally ordered com1'nutative semigroup, and 
let S = U iE1 Si be its reduction into ordinally irreducible components Si. 
Then S is a generalized cardinal algebra if and only if the following con- 
ditions hold. 
(1) S has an identity element O. 
(2) Every countable subset of the ordered set I which is bounded from 
above has a least upper bound. 
(3) For each i in I, Si is isomorphic with P, Z, or Zl. 
(4) If Si is isomorPhic with P or Z, and i is not the greatest element 
of I, then i has an immediate successor j in I, and Sj is a one-element 
semigroup. 
(5) If an element i of I is the least upper bound of a sequence of ele- 
ments of I each less than i, then Si is a one-element semigroup. 
If, in addition to satisfying these conditions, S has an absorbent ele- 


· As a consequence of Krishnan's Theorem 1 [25a], every O.C.s. can be completed. 
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ment co, then S is a cardinal algebra; if S does not have an absorbent 
element, then SU { co } is a cardinal algebra. 
As an immediate corollary, \ye have the follo\ving result. Let S be 
an n.O.C.s. with identity element 0 and absorbent element co. Then 
S is a cardinal algebra if and only if it is an ordinal sum S = U iEJ Sf 
of n.o.c.s. 's S1 each isomorphic with PU { co }, ZU { 00 }, or {co} 
such that the follo\ving condition is satisfied. Every strictly n10notone 
increasing and bounded sequence of elements of J has a least upper 
bound in J, and for every element j of J \vhich is the least upper 
bound of such a sequence, S; is a one-element semigroup. 
In a forthcoming paper [27], A. B. Clarke proves a reduction theo- 
rem for cardinal algebras analogous to Theorem 3 (namely, his Theo- 
rem 3.14). Also of interest in the present connection is his Theorem 
4.7, roughly to the effect that any simple, archimedean cardinal 
algebra is isomorphic with one of the four algebras: {o} U PU { co }, 
{ 0 } U ZU { co }, {o} U { 00 }, {o}. 


3. Topological theory. Let S be an ordered set. We say that S is 
bounded if it has endpoints, i.e. greatest and least elements. \Ve say 
that S is dense if, between any two distinct elements of S, there al- 
\vays lies a third element of S. Let S be endo\ved with the order 
topology. \Ve then have two elementary theorems: (1) S is com pact 
if and only if it is complete and bounded; (2) S is connected if and 
only if it is complete and dense. 
By a thread we mean a connected o. t.S. By a standard thread we 
mean a bounded thread, one endpoint of which is the identity and 
the other the absorbent element of S. 
In 1948, Aczél [1] showed that any cancellative, monotone thread 
S on a real interval is isomorphic with a subthread of the additive 
thread R of all real numbers. The following year, Dov 'famari [20] 
sho\ved that the monotone condition is a consequence of the other 
assumptions, and also sho\ved that every subthread of R is isomorphic 
with one of the following, or the dual thereof: R, P, PU { 0 }, P [1], 
pel). It is, moreover, readily seen that the arguments used hold for 
general threads, not necessarily based on a real interval. 
THEOREM 7 (ACZÉL 1948, T AMARI 1949). Any cancellative thread is 
isomorphic w1:th R, P, PU {o}, P [1], P(l), or with the dual of one of 
these. 
The systematic study of threads with idempotent endpoints was 
initiated by Faucett, [8] and [9]. The following is only one of many 
interesting results. 
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THEOREM 8 (FAUCETT 1955). A standard thread with no interior 
idempotent elenlent and no interior nilPotent element is isomorphic with 
{ 0 } U PU { 00 } or with the dual thereof. 


(\Ve must \yarn the reader that \ve are maintaining the additive 
notation.) 
The study \vas continued by l\10stert and Shields [16], more or 
less incidentally to their \vork on sen1igroups on a manifold. The fol- 
lo\ving t\VO theorems \vere obtained for the case vvhen S is based on a 
real interval, but it is readily seen that this restriction is not neces- 
sary. Theorem 10 is expressed in terminology quite different from 
that of its discoverers. 


THEORE)! 9 (l\10STERT AND SHIELDS 1957). A standard thread with 
no interior idempotent element, but having at least one interior nilpotent 
elelnent, is isolnorphic with {o} UP I or with the dual thereof. 
THEOREM 10 (l\IOSTERT AND SHIELDS 1957). Let I be any compact 
ordered set. If iEI, and i has no in1mediate predecessor, let Si be a one- 
element semigrouþ. If iEI, and i has an immediate predecessor, let Si 
be an isomorPhic copy of either PU { 00 } or Pl' Then the o'Ydinal sum 
of the Si (iEI) is a standard thread, and conversely every standard 
thread has this structure. 


i\ proof of the converse can be based on Theoren1 5 for Faucett 
showed that every standard thread S is naturally ordered (remark 
after Len1ma 2 of [8 D and commutative (Lemma 5 of [8 D. Since S 
is dense, each ordinally irreducible component Si of S must be iso- 
morphic \vith P, PI, or Zl. Fron1 (3) and (5) of 'fheorem 5, \ve see 
that every time P occurs as an Si it is immediately follo\ved by a ZIt 
so \ve may merge these t\VO into PU { 00 }. I shall omit the details. 
A result closely related to 'fheorem 10 is given by Gleason, [10, 
Lemma 3]. In [17], l\Iostert and Shields determine the structure of a 
thread based on the open real line, [0, 00), with 0 and 1 playing their 
usual rôles (in multiplicative notation). A complete determination of 
all threads with idempotent endpoints is given in [5]. A complete 
determination of all bounded threads, one endpoint of vvhich is the 
iden ti ty element, is given by Cohen and vVade [7]. 
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SOME PROBLEMS ON 3-DIMENSIONAL MANIFOLDS 


C. D. PAPAKYRIAKOPOULOS 


I. GENERALITIES 
1. Introduction. One of the well-known problems in Topology is 
the classification problem of closed n-dimensional manifolds. 
An n-manifold en-dimensional manifold) is a connected separable 
metric space each of whose points has a closed neighborhood homeo- 
morphic to a closed n-cell. So we consider both manifolds with bound- 
ary and manifolds without boundary. A closed n-manifold is a com- 
pact n-manifold without boundary. 
Classification means to define an infinite sequence of closed n- 
manifolds ][1, M2' }.,.[a, . . . ,1 such that any two of these are not 
homeomorphic, but any closed n-manifold M is homeomorphic with 
one of them. 'VVe emphasize that, we do not ask to find a method to 
decide with which of the model manifolds is AI homeomorphic. We 
only want to know whether ]vI is included in this sequence. Of course 
we do not ask to find an effective procedure, because such may not 
exist. 
The classification problem was solved long ago for n = 2, i.e. for 
closed surfaces,2 [22, 9937-39, pp. 130-142]. So, as usual in l\1athe- 
matics, one tries to solve the problem for the next dimension n = 3, 
in the hope that he will find a general method working for any di- 
mension. This is the reason \ve restrict ourselves from no\v on to the 
case n = 3. 
'fhe classification problem has been solved not only for closed sur- 
faces, but also for compact nonclosed ones [22, 940, pp. 142-144; 
10, pp. 151-158]. See also [10, p. 171, ll. 12-16]. 
vVe concentrate our attention on the classification problem of closed 
3-manifolds, and for the time being we do not consider the classifica- 
tion problem for nonclosed 3-manifolds, because this last problem 
seems to be much more com plica ted, see No. 21. 
2. Generalities. As is well known, the classification problem is 
solved for n = 2 by cutting the surface along simple 3 curves. So the 
question arises naturally: Can we solve the classification problem for 


An address delivered before the Annual Meeting of the Society in Cincinnati, 
Ohio, on January 30, 1958, by invitation of the Committee to Select Hour Speakers 
for Annual and Summer Meetings; received by the editors March 18, 1958. 
1 To define Mi means to give a model of lI.l i , Le. a way of constructing Mi. 
2 Numbers in brackets refer to the bibliography at the end of the paper. 
3 I.e. without self-intersections. 
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n = 3, by cutting the closed 3-manifold along surfaces without self-inter- 
sections? A close examination of this problem suggests that we have 
to face the follo\ving two problems. 
(2.1) To define a family of surfaces, possibly with self-intersections, 
having certain properties. 
(2.2) To select from the family a surface that has no self-inter- 
sections, i.e. we need to prove the existence in the family of a surface 
without self-intersections. 
These are generalities, and they will be clarified in I I. 


II. THE SPHERE THEOREM, DEHN'S LEMMA, AND THE LOOP THEOREM 
3. The sphere theorem. From now on everything will be considered 
from the semi-linear point of view, i.e. any 3-manifold \vill be con- 
sidered with a fixed triangulation, which is permissible according to 
E. E. l\10ise's [13; 14] and R. H. Bing's [1; 2] work, any curve ,viII 
be considered as polygonal, any surface as polyhedral, and so on. 
Let 
I be a 3-manifold, such that 7r2(ltl) 
O. '[his means that there 
exist in 11.1 2-spheres, with self-intersections (singularities), which are 
noncontractible in lvI. Thus a family, required by (2.1), is well de- 
fined. 1'\ O\V in connection with (2.2) the question is: does the family 
contain a surface without self-intersections? This poses a certain 
problem, which may be called the sPhere problem. 
To the best of my knowledge, the first to attempt a problem of this 
kind was H. Kneser in 1928, [11, p. 257]. He remarked that if S is a 
2-sphere (without singularities) in M, such that lvI-S consists of 
t\VO components M' and It{'', then 4 


(3.1) 


7rl(M) 
 A * B, 


where 7rl(M') 
A and 7rl(M") 
B. Then he tried to prove the follow- 
ing theorem, which is the converse of his remark. 
(3.2) If (3.1) holds, then there exists a 2-sPhere without singularities 
S in M, such that lvI - S consists of two components M' and 11.1", where 
7rl(Af') 
A and 7rl(M") 
B. 
However his proof does not seem to be conclusive. See Nos. 12, 
15, and especially Nos. 17 and 20. 
In 1937 appeared the paper of S. Eilenberg [5], which initiated the 
asPhericity problem of knots, see No. 12. This paper inspired the 1939 
paper of J. H. C. Whitehead [28], on p. 161 of which the following 
problem or conjecture is contained. 
(3.3) A nonempty proper open connected subset U of the 3-sPhere is 


4 * means free product. 
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aspherical, if and only if any 2-sPhere in U bounds a 3-cell belonging to 
U. 
It \vas precisely this conjecture which stimulated the present au- 
thor to prove during the summer of 1956 the following sPhere theorem 
[18, p. 1]. 
(3.4) Let 
AI be an orientable 3-manifold, compact or not, with bound- 
ary which may be empty, such that 7r2(AI) 
O, and which can be semi- 
linearly imbedded in a 3-manifold N, having the following property: the 
commutator quotient group of any nontrivial (but not necessarily proper) 
finitely generated subgroup of 7rl (N) has an element of infinite order 
(n.b. in particular this holds if 7rl(N) = 1). Then there exists a 2-sphere 
S semi-linearly imbedded in AI, such that 5 S
O in lvI. 
In October 1957 J. \V. l\1ilnor proved a more general sphere theo- 
rem. Final1y in December 1957 J. H. C. \ìVhitehead [29] proved the 
sphere theorem in complete generality. 
SPHERE THEORE
I. Let 111 be an orientable 3-manifold, compact or not, 
with boundary which may be empty, such that 7r2(lVf) 
O. Then there 
exists a 2-sphere S semi-linearly imbedded in J..I, such that S
O in AI. 
Both lV1ilnor's and \Vhitehead's proofs are modifications of the 
present author's proof [18, 
5, pp. 15-18]. The sphere theorem does 
not hold generally for nonorientable 3-manifolds as the example 6 
p2 X Sl shows. 
4. Dehn's lemma. Parallel to the sphere theorem lies another prop- 
osi tion kno\vn as Dehn's lemma. 


DEHN's LEMMA. Let J..f be a 3-manifold, compact or not, with bound- 
ary which may be empty, and in ]yllet D be a 2-cell with self-intersections 
(singularities), having as boundary the simPles closed polygonal curve C, 
and such that there exists a closed neighborhood of C in D which is an 
annulus (i.e. no point of C is singular). Then there exists a 2-cell Do with 
bou.ndary C, semi-linearly imbedded in J..f. 
Dehn's lemma \vas included in a 1910 paper of 1\1. Dehn [4, p. 147], 
but in 1928 H. Kneser [11, p. 260], observed that Dehn's proof con- 
tained a serious gap. In 1935 and 1938 appeared t\VO papers by I. 
Johansson [8; 9], on Dehn's lemma. In the second one, p. 659, he 
proved that, if Dehn's lemma holds for all orientable 3-manifolds, it 
then holds for all nonorientable ones. During the summer of 1956 the 
present author proved that Dehn's lemma holds for all orientable 3- 
manifolds [18, 
4, pp. 13-15]. 


6 
 means homotopic to. 
G p2 is the real projective plane, and Sl is the 1-sphere. 
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In a forthconling paper of Arnold S. Shapiro and J. H. C. V\Thite- 
head [30] a simplified proof of Oehn's lemma is given. There, is 
proved also an extension of the lemma, for Dehn discs \vi th more than 
one boundary curve, see [18, p. 24, Problem 2]. 
5. The loop theorem. Another proposition related to the sphere 
theoretTI and Dehn's lemma is the following 
Loop THEOREM. Let J[ be a 3-manifold which mayor may not be 
conlpact, with boundary lv formed by a number (> 0, < 00) of surfaces 
closed or not. Let L be a loop belonging to an open set U of an orientable 
com ponent N' of N, such that L
O in AI and 
O on N. Then there 
exists a simple 3 loop Lo in U, such that Lo
O in Af and 
O on N. 
This theorem ,vas contained implicitly in the 1928 paper of 1-1. 
I{neser mentioned twice above. Actually, the "Hilfssatz" [11, p. 248] 
has to be split into the loop theorem and Dehn's lemma. \Ve would 
like to emphasize that the loop theorem is independent of Dehn's 
lemma, i.e. it does not follow from Dehn's lemma, and moreover its 
proof has its own difficulties. It seems that J. H. C. \;Vhitehead \vas 
in 1937 the first to observe this splitting. Actually, in [27, p. 65], the 
following lemma is proved, which is a special case of the loop theorem. 
(5.1) Let us suppose that M, N, N' are as in the loop theorem, and 
let L be a simple 3 loop on N' such that L8
O in M, where s is a natural 
number. Then L
O in A/. 
Finally this author proved the loop theorem in conlplete generality 
[16, pp. 285-293]. However, I reproved (5.1) and I had to make 
use of it in my proof. This is Lemma (9.3), p. 287. 
6. Relation between the sphere theorem, Dehn's lemma, and the 
loop theorem. Looking more closely at these three propositions we 
recognize that they are of the same kind, namely: given a certain geo- 
1netric entity with certain properties, to find 7 a simPlest possible geo- 
metric entity with the same properties. This needs some explanation. 
In the sphere theorem the geometric entity is a 2-sphere with singu- 
larities \vhich lies in :AI, and its property is to be noncontractible in 
AI. From this ,ve construct a 2-sphere (without singularities) which 
lies in ]1,[ and is noncontractible in M, i.e. \ve find a simplest possible 
geometric en ti ty ,vi th the same properties. 
In Dehn's lemma the geometric entity is the 2-cell with singularities 
which lies in M, and its properties are that it has boundary C, and 
its singularities are far away from the boundary. From these we con- 
struct a 2-cell (\vithout singularities) which lies in AI and has bound- 


7 To find means here to construct or prove the existence of. 
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ary C, i.e. \ve find a simplest possible geometric entity with the same 
properties. 
In the loop theorem the geometric entity is the loop L which lies 
in U, and its properties are that it is 
O in M and 
O on lv. From 
this we construct a simple 3 loop which lies in U, is 
O in lvI and 
O 
on N, i.e. ,ve find a simplest possible geometric entity with the same 
properties. 
So actually the sphere theorem, Dehn's lemma, and the loop theo- 
rem are of the same kind. However, their relation is deeper, and this 
will be clarified in III, where we will give brief sketches of their 
proof s. 


(7.1) 


I I I. SKETCH OF PROOFS 
7. Proof of the loop theorem. Let us consider the following diagram 
if :) Ñ' :) L 
p! ! ! 
M :) N' :) L 


where p: if 
lvI is the universal covering of AI, Ñ' is a component 
of8 bdM lying over N', and L is a loop on Ñ' covering L just once. 
This is possible, because L I"...I O in AI. It is no loss of generality to sup- 
pose that, L has only "double" points, where two branches of L are 
crossing each other. Let deL) and deL) be the number of double 
points of Land L respectively. Then 


(7 . 2) 


deL) = del) + 
 L: del, TL) 
2 


\vhere the sum ranges over all covering translations r of p: M 
..l'v[, 
which are different from the identity, and deL, r L) is the number of 
common points of Land r L. We easily obtain from L a new loop L' 
lying in U, 
O in ]vI, and 
O on N, such that 


(7.3) 


del') = 0 


where L' is a loop on Ñ/ covering L' just once. 
From now on begin the main difficulties of the problem. We have 
to use the fact that Ñ' can be topologically imbedded in a 2-sphere, 
and then we have to make a detailed study comparing the position 
of i' with that of r L'. This is a rather delicate argument, and there- 
fore \ve refer the reader to [16, pp. 285-293]. 
We would like to observe, that J. H. C. Whitehead did not use 


II bd = boundary. 
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covering spaces in his proof of (5.1), and perhaps therefore he ob- 
tained only a special case of the loop theorem. 
8. Proof of Dehn's lemraa. Having observed in No.6 that the loop 
theorem and Dehn's lemma are problems of the same kind, and hav- 
ing proved the loop theorem, the question arises naturally: can we 
use the same method, or at least a modification of it, to prove Dehn's 
lemma? The ans\ver is affirmative and we are no\\- going to explain 
this nlethod. 
Performing certain rather elementary geometric operations, we 
may suppose that the only singularities of the Dehn disc 9 Dare 
double curves, along \\Thich t\\TO sheets cross, and triple points at which 
three sheets cut [18, 1\ os. 2-3, pp. 3-6]. Let d(D) and t(D) be the 
number of double curves and triple points of D, respectively. The 
ordered pair (t(D), d(D)) ,viII serve as comPlexity of D. 
Let us consider the following diagram 


(8.1) 


:1\1 
r 
M :) V --:::J D 


where D is the Dehn disc 9 with boundary C, V is a prismatic neigh- 
borhood of D in lvI, and PI: Af l -:; V is the universal covering of V. 
Let DI be a Dehn disc in lvI I covering D just once. Then, see [17, 
formula on p. 171], 


(8. 2) 


1 
d(D) = d(DI) + - L: d(DI, T D I ) 
2 


where the sum ranges over all covering translations T of PI: AI I -:; V, 
which are different from the identity, and d(DI, T D I ) is the number 
of common closed curves of DI and T DI' Thus the following holds. 
(8.3) d(DI) 
 d(D), and the equality holds if and only if 1 1 is simply 
connected. 
Let VI be a prismatic neighborhood of DI in lvI I . So we have the 
diagram (8.1). Comparing (7.1) and (7.2) with (8.1) and (8.2), we 
see the differences and the similarities. 
\Ve can repeat again and again the above construction, and so we 
obtain the following diagram 


9 A Dehn disc means a 2-cell whose singularities, if any, are far away from the 
boundary. 
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.......... 


(8.4) 


::

r 
M n-l :) V n-l :J D n ":' l 


:\1 
 l 
M:J.V:)D 


called a tower over DC]!, and the sequence 
d(D) > d(D I ) > . . . > d(Dn) > . . . > 0, 
by (8.3). Thus by (8.3), there is a number io n > 0, such that deDi) 
>d(D i + I ) for i<n, and d(Dj)=d(Di+I) for j > n; i.e. the tower is 
trivial after the crucial value n, which is called the height of the to\ver. 
We now have to consider the following two cases d(Dn) > 0 and 
d(Dn) = O. In both cases performing certain operations at the nth 
level, and projecting by the map PI . . . pn we obtain a new Oehn 
disc 9 D' in lJI, with boundary C, which is simPler than D. This means 
that either t(D') <t(D), or if t(D') =t(D) then d(D') <d(D). 
We would like to emphasize, that the case d(Dn) > 0 is rather 
geometric [18, No. 16, pp. 14-15], and the case d(Dn) =0 is rather 
algebraic [ 18, No. 17, p. 15],11 and actually here appears the main 
difficulty of Dehn's lemma. Compare this with the remarks after 
(7.3). 
In the same way we obtain from D' a new Dehn disc D" in M, with 
boundary C, .which is simpler than D', and so on. Finally, after a 
finite number of repetitions of this construction, we obtain a Oehn 
disc D(m) in lvI, with boundary C and complexity (0, 0). This means 
that D(m) has neither triple points nor double lines. Hence D(m) is 
the required 2-cell Do, without singularities. 
Arnold S. Shapiro suggested considering 2-sheeted coverings, in- 
stead of universal ones, in the construction of the tower [18, p. 24, 
Problem 5]. 
In a forthcoming paper of Arnold S. Shapiro and J. H. C. Whi te- 
head [30] a simplified proof of Oehn's lemma is given using 2-sheeted 


10 Mo=M, V o = V, Do=D. 
11 That No. 17 is based on Nos. 11-12, pp. 11-13. 
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coverings. There, is proved also an extension of the lemma, for Dehn 
discs wi th more than one boundary curve, see [18, p. 24, Problem 2]. 
9. Proof of the sphere theorem. Let us consider first my proof of 
(3.4), [18, 
5, pp. 15-18]. The method is similar to that of Dehn's 
lemma explained in No.8. Namely, performing certain rather ele- 
mentary geometric constructions, we may suppose that the only 
singularities of a 2-sphere 'with self-intersections D are double curves 
and triple points, \vhose nunlber is d(D) and t(D) respectively. We 
consider again the diagram (8.1), where now D means a 2-sphere 
with singularities, such that D
O in M. Then formula (8.2) and 
proposition (8.3) hold. \Ve construct the to\ver (8.4), consider the 
height n > O of it, and we have again the two cases d(Dn) > or =0. 
Performing certain operations at the nth level and projecting by the 
map Pi . . . Pn we obtain a new 2-sphere with singularities D' in M, 
such that D' 
O in AI, and which is simpler than D, as in the proof 
of Dehn's lemma. Ho\vever, here we have to be especially careful to 
secure the condition D' 
O in M. This can be done using Poincaré 
duality and standard Hurewicz theorems [18, p. 17, Lemma (22.5)]. 
In the same way we obtain from D' a new 2-sphere with singularities 
D" in ]{, such that D" 
O in M, which is simpler than D' and so on. 
Finally, after a finite number of repetitions of this construction, we 
obtain a 2-sphere with singularities D(m) in M, such that D(m)
o in 
AI, and \vhich has complexity (0, 0). This means that D(m) has neither 
triple points nor double lines. Hence D(m) is the required 2-sphere S, 
without singularities. 
Theorem (3.4) contains a rather restrictive condition. Namely, the 
condition of the imbeddability of M in N, which has a certain property. 
This condition is used only in the special case where the height of the 
to\ver (8.4) is n= 1, and deDi) =0, [18, p. 18,11. 1-14]. 
In December 1957 J. H. C. \Vhitehead freed the theorem from this 
condition, and so we now have the sphere theorem in complete gen- 
erality. He constructs a tower (8.4) in the following way. Let us con- 
sider the diagram (8.1) as defined above. Let 'T be a covering trans- 
lation of PI: M i --+ V different from the identity, and such that 'TDI 
meets DI' Then in (8.4), the covering Pi: M 1 --+ V is not the universal 
one as in our construction, but a covering corresponding to the sub- 
group of '7r1( V) generated by 'T. All coverings Pi: M i --+ Vi-I, i = 2, . . . , 
n, are universal as in our construction. Finally he stops the tower at 
a height n > 0, such that '7r1( V n ) is finite, while we essentially stopped 
the tower at a height n > 0, such that '7r1( V n ) = 1. These are White- 
head's modifications, and after that everything works smoothly fol- 
lowing our method. 
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I t was suggested by R. H. Fox to use also other coverings, instead 
of universal ones [18, p. 24, Problem 5]. However vVhitehead showed 
the importance of the non universal coverings. 
IV. ApPLICATIONS 
10. Applications of the loop theorem. As it is well-known any closed 
orientable 3-manifold can be obtained from two solid tori of the same 
genus ( > 0) by matching their boundaries [22, p. 219, Satz]. 
Solid torus of genus 12 h ( > 0) means a 3-cell with h solid handles. 
This is a compact orientable 3-manifold M, whose boundary N is an 
orientable surface of genus h, such that 7r'1(},;1, N) = 1. The importance 
of the solid tori suggests the desirability of obtaining a topological 
characterization of them; and, according to the above remark, the 
following conjecture arises naturally. 
(10.1) Let M be a compact 3-manifold, whose boundary N is an 
orientable surface of genus h ( > 0), such that 7r'l(Jt,f, N) = 1. Then M is a 
solid torus of genus h. 
We observe that an immediate consequence, of the special case 
h=O, of (10.1) is the 
CELL CONJECTURE. A simply connected compact 3-manifold, whose 
boundary is a 2-sPhere, is a 3-cell. 
This is equivalent to the well-known 
POINCARÉ CONJECTURE. A simply connected closed 3-manifold is a 
3-sphere. 
Some years ago I was working on Poincaré conjecture, and I tried 
to prove it by proving (10.1). But I failed, and I may say that I am 
now convinced that this is not the way to attack Poincaré conjecture. 
However, the loop theorem, Dehn's lemma, Poincaré conjecture, and 
some results from algebraic topology imply (10.1), see [16, p. 297, 
Theorem (19.1)]. This was the reason I worked on the loop theorem, 
whose proof led me to the proof of Dehn's lemma and the sphere 
theorem. 
Another application of the loop theorem can be made in proving 
H. Kneser's "Hilfssatz" [11, p. 248]. For other applications of the 
loop theorem see [19, 
5, pp. 91-92], and [16, pp. 298-299]. 
11. Applications of Dehn's lemma. Dehn' s lemma was in trod uced 
by M. Dehn in 1910 to prove an algebraic characterization of the un- 
knotted knots in the 3-sphere S3. 
By a knot K in S3 we mean a simple 3 closed polygonal curve in S3. 
We say that K is un knotted if it is the boundary of a 2-cell \\1'ithout 
self-intersections in S3. If K is unknotted then 7r'1(S3 - K) is free 
12 Henkelkörper vom Geschlechte h [22, p. 219]. 
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cyclic, and the problem arises naturally: if 7rl(53 - K) is free cyclic, 
is K unknotted? 
Dehn [4, p. 158, Satz 2], used his lemma to prove that this problem 
has an affirmative answer, and this is the reason he introduced it. 
Another application of Dehn's lemma is made in proving H. Knes- 
er's "Hilfssatz"13 [11, p. 248]. For another application of Dehn's 
lemma see [19, 
5, pp. 91-92]. 
Ho,vever, in my opinion, the greatest importance of Dehn's len1ma 
lies in the fact that it may possibly be used as a tool in proving 
Poincaré conjecture. Of course this is a personal opinion, and it need 
not be accepted up to the mon1ent ,vhen there will be a proof of Poin- 
caré conjecture based on Dehn's lemma. I would only like to observe 
that Dehn's lemma is not going to be enough to prove Poincaré 
conjecture, and that some other things will have to be used too. 
12. Applications of the sphere theorem. As we mentioned in No.3, 
Eilenberg's paper [5] initiated the asphericity problem of knots, 
nan1ely: if K is a knot in 53, then 53 - K is asPherical. This follows 
easily from the sphere theorem. l\loreover the sphere theorem in1plies 
\Vhitehead's conjecture (3.3), see [18, no. 26, pp. 18-19]. Another 
application of the sphere theorem is n1ade in proving the following 
statement ,vhich was known as Hopf's conjecture. The fundamental 
group of any open connected subset of the 3-sPhere has no element of finite 
order. In [18, 
7, pp. 20-23], we prove a more general theorem, using 
the sphere theorem. 
In 1948 G. Higman [7, p. 117, No.1], observed that if Kl, . . . , Km 
(m > 2) are disjoint knots in 53, and if 
(12.1) there is a 2-sPhere 5 in 53 such that Kl, . . . , Kr belong to one 
component of 53 - 5, and Kr+l, . . . , Km belong to the other component 
(1 < r<m) 
then 


(12 . 2) 
(12.3) 


1r2(S3 - K) 
 0, where K = Kl U . . . U Km, 
1rl(S3 - K) 
 A * B,4 where A and B 
 1. 


Then he proved that (12.3) implies (12.2). Actually his intention was 
to prove (12.1), which is a much stronger statement. This is proved in 
[18, No. 27, p. 19] and the proof is based on the sphere theorem. 
We would like to emphasize, that Higman's remark and problem 


13 Several times we have mentioned Kneser's lemma, but we are not going to state 
it, because it is a rather complicated statement, and we are not going to give any 
application of it in the present paper. However, we had to mention it. at least for its 
historical significance. 
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are special cases of Kneser's remark and problem (3.2), see also No. 
17. 
Other applications of the sphere theorem will be given in V. 


V. RESULTS ON THE CLASSIFICATION PROBLE
I 
13. This paper began v.rith the classification problem, it then passed 
to the three theorems, namely, the sphere theorem, Dehn's lemma, 
and the loop theorem. Let us no\v see how far we have gone toward 
the solution of the classification problem for closed 3-manifolds, using 
the sphere theorem. Throughout this section 'we \vill consider orien- 
table closed 3-manifolds only. 
14. Milnor's results. In October 1957 J. 'V. l\1ilnor [12] obtained 
some results modulo Poincaré conjecture. To be able to state these 
results \ve need son1e definitions. 
Let ]1,;[', lv[" be two oriented closed 3-manifolds, and let E', E" be 
two open 3-cells in lvI', M" respectively. l\1atching the boundaries of 
AI' - E' and .1l,f" - E", in the proper way, we obtain a ne\v oriented 
closed 3-manifold AI, called the composition 14 of lvI' and ]vI", and 
denoted by 


M = M'#M". 
Homotopy sPhere means a simply connected closed 3-manifold; if the 
Poincaré conjecture is true this is a 3-sphere. T\vo oriented closed 
3-manifolds l
fl and lvf 2 are called congruent if there exist oriented 
homotopy spheres 15 N l and N 2 , such that Af l # N l and AI 2 # N 2 are 
isomorphic (i.e. there is an orientation preserving homeomorphism). 
An oriented closed 3-manifold ....11, \vhich is not a homotopy sphere, is 
called decomposable if .AI is congruent to .AI' # AI", \vhere neither M' 
nor AI" is a hon10topy sphere. .AI is called indecomposable if it is not de- 
composable. Milno"r's results are the following. 
(14.1) Every oriented closed 3-manifold, which is not a homotopy 
sPhere, is isomorphic to a composition of indecomposable 3-manifolds, 
which are unique up to order and congruence. 
(14.2) Every indecomposable 3-manifold is either congruent to an 
oriented 51 X 52, or is asPherical, or has a nontrivial finite fundamental 
group. 
Of course the 3-manifolds congruent to an oriented 51 X 52 are 
con1pletely defi ned up to homeon10rphism, if Poincaré conjecture 
14 Summenbildung [22, p. 218, Problem 3]. 
15 Here is a place where Poincaré conjecture comes into play. Actually we should 
have called M 1 and M 2 congruent (modulo the class of homotopy spheres), but we 
dropped the parenthesis for abbreviation. 



328 


C. D. PAPAKYRIAKOPOULOS 


[November 


holds. Ho\vever the problen1 is: what are the orientable closed 3-mani- 
folds, which are either asPherical, or their fundamental group is non- 
trivial and finite? 
l'vlilnor obtains his resul ts using the sphere theorem. 
15. 3-spheres with handles. \Ve are now going to explain some re- 
sults due to this author [18, 
8, pp. 23-24]. 
Let us consider t\VO solid tori of the san1C genus 16 h > O. Identifying 
their boundaries in various ways we obtain a denun1erable collection 
of orientable closed 3-manifolds, see No. 10. In this collection we have 
t,vo extreme identifications. Namely, the identification can be such 
that the result is a 3-sPhere, or such that the result is the duPlication 17 
11,{h of the solid torus of genus h. It is easily seen that, M h is the com- 
position of h copit's of 51 X 52. l'vloreover lvf h can also be obtained in 
the follo\ving way: we consider a 3-sphere 53, and 2h disjoint open 
3-cells in it. \\;Te then delete the interior of these 3-cells, and identify 
the boundary of the ith 3-cell with that of the (i+h)-th 3-cell, 
i = 1, . . . , h, in such a way that the resulting closed 3-manifold is 
orientable. This construction justifies the name 3-sPhere with h han- 
dles given to lV!h' 
\Ve observe that 7r'l(M h ) is a free group on h (> 0) free generators. 
The question arises naturally: if the fundamental group of an orientable 
closed 3-manifold is a free group on h (> 0) free generators is then this a 
3-sphere with h handles? In my paper [18, 
8, pp. 23-24] an affirma- 
tive ans\ver is given to this problem, but only modulo Poincaré con- 
jecture; the proof is based on the sphere theorem, see No. 19. 
Let us now consider the following diagram 


. 
. 
. 
M,& 


(15.1) 


. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 


. 
. 


. 
..M 2 
..- . 
.1 . 
- . 


. 
. 
. 


- . 
. . 


.. .... 
S 3. .- 
. · e... . . . . . . . . . . . . ! . . . . .. M 1 


,vhere the dots connecting 53 and Mh' h = 1, 2, , represent the 
orientable closed 3-manifolds we obtain matching the boundaries of 
two solid tori of genus h, in a way different from the two extreme 
ways that give us S3 and M h . The 3-manifolds S3, M lr ]f 2 , · 


18 The case h = 0 will give us the 3-sphere. 
17 Verdoppelung [22. p. 129]. 
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J.\I h , . are characterized up to homeomorphism by their funda- 
mental groups, modulo Poincaré conjecture. The 3-manifolds repre- 
sented by the horizontal dots are the lens spaces. They have been 
classified since 1936 by K. Reidemeister [20] modulo the Hauptve- 
mutung, proved in 1952 by E. E. Moise [13, p. 96, Theorem 4]. 
Another classification of the lens spaces was given in 1949 by R. H. 
Fox [6, p. 455, II. 22-29], using a certain combinatorial invariant of 
his own, which 'was proved by E. J. Brody [3], without use of the 
Hauptvermutung, to be a topological invariant. 
Thus, the 3-manifolds lying on the boundary of the diagram (15.1) 
are classified, and characterized up to homeomorPhism (by algebraic 
tools), modulo Poincaré conjecture. Hence the problem is: what are the 
3-manifolds lying in the interior of the diagram (15.1), and how can they 
be characterized up to homeomorPhism (by algebraic tools)? 
We would like to point out that, if lvI is an orientable closed 3- 
manifold, such that 71'"1(111) is a free group on h = h' +h" free genera- 
tors, then there is a 2-sphere S in AI, such that 111 - S consists of two 
components M' and .J.
I", where 7I'"1(AI') and 7r1(M") are free groups 
on h' and h" free generators respectively. IS This means that in this 
case we can solve Kneser's problem (3.2), see also 1\0. 17. 


16. The genus of a 3-manifold. An orientable closed 3-manifold 
may appear on several of the dotted lines 19 S311I h of the diagram 
(15.1). The smallest of those numbers h is called the genus g of the 
3-manifold, i.e. a 3-manifold is of genus g if it can be obtained by 
matching the boundaries of t\VO solid tori of genus g, but cannot be 
obtained by matching the boundaries of two solid tori of genus <g, 
[23, p. 90, No.5]. 
The problem of the genus (i.e. to determine the genus) of an orienta- 
ble closed 3-manifold seems to be of importance for the classification 
problem. This is an unsolved problem, and we can solve this problem 
only, modulo Poincaré conjecture, in the special case \vhere the funda- 
mental group of the 3-manifold is a free group on h > 0 free gener- 
ators. Actually by No. 15, the 3-manifold is a 3-sphere "áth It handles 
if h>O, and so its genus is h. However if h =0, the 3-manifold is 
simply connected, and here is a place where the Poincaré conjecture 
comes into play. Indeed, Poincaré conjecture asserts nothing else 
but that any simply connected closed 3-man-ifold has genus zero. 
Another related problem is the following uniqueness problem. 
(16.1) Does any orientable closed 3-manifold appear more than once 


18 This can easily be proved, using the method explained in [18, 
8, pp. 23-24]. 
19 The end points 53 and M" included. 
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on a dotted line 19 S3Af h of the diagram (15.1)? 
Let us look at this problem I110re closely. Let }.II be an orientable 
closed 3-manifold, and let F ' and F" be t\VO orientable closed surfaces 
of the same genus h > 0 in AI, such that J.1f - F' and AI - F" consist 
of two components, the closure of each one of .which is a solid torus 
of genus h. Then the uniqueness problem is the follo\ving. 
(16.2) Does there exist a hotneotnorphis1n of 1ll onto itself carrying 
F' onto F"? 
We can also pose a stronger problem. 
(16.3) Does there exist an isotopy of J;J into itself carrying F' onto 
F" ? 
Of course if h = 0 the ans\ver to both (16.2) and (16.3) is affirmative, 
see D. E. Sanderson [21]. But what happens if h > O? It seems that, 
not even the following special case ]l,;f = sa is known. 
(16.4) Let F' and F" be two closed surfaces of the same positive genus 
in sa, such that the closure of each one of the components of sa - F' and 
sa - F" is a solid torus. Docs there exist an isotopy of sa into itself carry- 
ing F ' onto F", or at least docs there exist a homeomorPhism of sa onto 
itself carrying F' onto F"? 
17. Kneser's method. We would like to mention here the method 
developed in the 1928 paper of Kneser [11, No.4, pp. 252-256], be- 
cause it seems to me to be of importance. However .we have to ob- 
serve that it contains gaps at some cíucial places so that the reader 
of it has to be especially careful. 
Let us mention once again the problem (3.2), which we met in Nos. 
12 and 15, in conjunction with the Higman's problem and the 3- 
spheres \vith handles respectively. We call this problem Kneser's 
conjecture, and it would be desirable to have a proof of it. 
KNESER'S CONJECTURE. Let M be an orientable 3-manifold, such 
that 4 


(17 .1) 


1rl(M) 
 A * B. 


Then there exist a 2-sPhere without singularities S in }"I, such that 
11l -S consists of two components M' and M", where 7rl(M') 
A and 
7rl (1\,f") 
 B. 
See also No. 20. 


VI. REMARKS 
18. Poincaré conjecture and classification. We would like to em- 
phasize the importance of Poincaré conjecture for the classification 
problem of orientable closed 3-manifolds. This is obvious from Nos. 
14-16, where the central rôle of this conjecture can be recognized. 
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We now observe that using the sPhere theorem we obtained some 
resul ts on the classification problem of orien table closed 3-manifolds. 
Possibly, using instead of 2-spheres orientable closed surfaces of 
genus> 0 in the 3-manifolds, we might obtain additional information 
on the classification problem. See [18, 
9, p. 24, Problem 3]. 
19. Geometric problems and algebraic techniques. I t seems that 
the following is true. 
(19.1) To solve a geometric problem we need to perform certain 
geometric operations. However these operations will be possible only 
under certain conditions. To prove the existence of these conditions, 
we often need to use algebraic techniques and results. 
This needs some explanation. For this reason let us look closely 
at some of the places in [18], and at the history of some of the prob- 
lems contained in [18]. 
To prove his lemma [4, 
3, pp. 147-153], Dehn introduced in 1910 
a certain geometric operation, \vhich he called Umschaltung (cut) 
[18, :Ko. 2, p. 3]. Using the cuts carelessly,20 he thought that he had 
proved his lemma. However what he actually did \vas, that from the 
2-cell with singularities, \vhose genus is zero, he obtained a surface 
with fe"wer singularities, but whose genus might be zero or one. So, 
though he reduced the singularities, he might have increased the 
genus. This is a typical mistake in this kind of problem. Namely, to 
reduce some kind of difficulty, and at the same time to insert a worse 
difficulty. 
I. Johansson, studying diagrams, i.e. the inverse images of Dehn 
discs,9 during the thirties, arrived at the conclusion, that Dehn's 
lemma might be proved possibly, by conveniently selected cuts [8, p. 314, 
II. 18-20]. His conclusion is justified by this author's proof, for the 
case of an orientable 3-manifold. 
Actually, looking closer at the proof of Dehn's lemma in [18], 
we observe that \ve actually construct the desired disc [18, p. 2, II. 
34-38], and that the construction is carried out by means of successive 
cuts. Let us no\v analyze our proof, and point out the delicate points. 
Using covering spaces of covering spaces ( the tower) K o. 8, we ar- 
rive at a crucial value n (the height) where the process actually stops. 
Obviously, here something has to be brought into play, and this is a 
theorem due to H. Seifert [22, p. 223, Satz IV], that the first bett
 
number, of a compact 3-manifold with boundary, is at least equal to the 
sum of the genera of the boundary surfaces. This is a key theorem for 


20 Actually that time was the early days of Topology, and the difficulties of its 
problems had not been general1y realized. 
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3-manifolds, relating an algebraic notion (the betti number) with a 
geometric one (the genus). Seifert's theorem implies the following, 
see diagram (8.4). 
(19.2) All boundary surfaces of V n are 2-spheres. 
This is really decisive, as we shall see below. Vve now have to dis- 
tinguish the following two cases d(Dn) > or = 0, see No.8. 
In case d(Dn)>O, see [18, No. 16, pp. 14-15], the process performed 
at the nth level is based on (19.2), and its projection by the map 
PI . . . pn is essentially a certain finite number of cuts of the Dehn 
disc, ,vhich do not increase the genus of it, but decrease the comPlexity. 
But, how could \ve find the cuts needed, without the use of covering 
spaces and (19.2)? 
In case d(Dn) =0 the above process cannot be applied any more. 
So some new process has to be found. The intuition suggests that 
there should exist a double curve on the Dehn disc D, which is a 
simple 3 curve. This actually holds, and the proof of it is rather 
algebraic, see [18, Nos. 11-12, pp. 11-13]. We emphasize that this is 
the most delicate part of the proof. After the proof of the existence of 
such a curve, things are easy. In fact we perform a cut of the Dehn 
disc D, along that curve, and 'we obtain a new Dehn disc with less 
comPlexity. The cut along a "simple" double curve is not dangerous, 
i.e. it does not increase the genus of the surface. This is the only case 
where we can apply Dehn's process, without any danger. 
Looking back we see that the main difficulty of the problem \vas to 
prove the existence of nondangerous cuts, and to prove this existence 
we used some algebraic results and techniques, at some crucial places. 
The above justifies (19.1). 
\Ve can have analogous remarks and conclusions, analyzing the 
proof of the sphere theorem. However, the geometric operations 
needed here are the cuts and some carefully performed deformaÛons. 
We have to keep in mind that we need the additional condition, that 
the 2-sphere is not homotopic to zero in the 3-manifold. 
We now turn to an analysis of the proof of Theorem (32.1), [18, 
p. 23]. This theorem asserts that, if Poincaré conjecture is true, then 
any orientable closed 3-manifold, whose fundamental group is a free 
group on h( > 0) free generators, is a 3-sPhere with h handles. The proof 
is by induction on h, and makes use of the sphere theorem. However, 
to be able to apply the sphere theorem we need to prove that 7r2 
O. 
This is done by using a theorem due to E. Specker [24, p. 325, Satz 
VI]. The proof of this last theorem is based on the first part of 
Specker's paper, which makes use of the theories of B. Eckmann, 
H. Freudenthal, H. Hopf, W. Hurewicz, and others. It is difficult to 
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see ho,v we could go through, without the knowledge of those alge- 
braic topological theories. A final remark is the following: in the proof 
of the above theorem, the induction starts ,vith h = 1, and the theorem 
for h = 0 is Poincaré conjecture. Once again we see the importance of 
this conj ecture. 
We hope that the above explanations clarify and justify (19.1). 
20. Kneser's conjecture. At several places in this paper we met 
Kneser's conjecture, see Nos. 3, 12, 15, and especially No. 17. Let us 
now look closer at the proof of Higman's problem, ,vhich is a special 
case of Kneser's conjecture as was observed in No. 12. We would like 
to prove that (12.3) implies (12.1), and we proved this by proving 
first that (12.3) implies (12.2), and secondly that (12.2) implies 
(12.1). The first ,vas proved by G. Higman [7, p. 122, Theorem 2], 
using algebraic techniques, and the second was proved by this author 
using the sphere theorem [18, No. 27, p. 19]. This suggests that the 
gap bet\veen (17.1) and the conclusion of Kneser's conjecture is so 
great, that it has to be factored, and 'we first have to prove that 
(17.1) implies 7T'2
0, and then that 7T'2
O implies the desired conclu- 
sions. I t seems that the first step has to be proved by algebraic topo- 
logical techniques, and the second one by using the sphere theorem 
and something more, because the sphere theorem is not enough to 
provide us \vith the conclusions of Kneser's conjecture. Thinking 
now that the algebraic topological techniques were rather unde- 
veloped in 1928, we easily conclude that it was rather hopeless, to 
expect to have a satisfactory proof of this strong statement at that 
time. 


21. N onclosed 3-manifolds. I t is known that any simply connected 
open 21 surface is an open 2-cell [22, p. 320, Remark 26]. However such 
a theorem does not hold for 3-dimensions. In 1935 J. H. C. Whitehead 
[25; 26] constructed an open 3-manifold which has the homotopy type 
of an open 3-cell,22 but which is not an open 3-cell, [15, p. 19, Theorem 
3]. This example is enough to indicate how complicated things are 
for 3-manifolds if ,ve drop compactness. The example also indicates, 
that we do not have the analogue of Poincaré conjecture for open 3- 
manifolds. 
As far as the 3-manifolds with boundary, compact or not, are con- 
cerned, we restrict ourselves to the consideration of the following 
special case. Let K be a knot in S3, and let T be a small tube around 


21 Open means noncompact and without boundary. 
22 It has also the additional property, that any 2-sphere (without singularities) 
in it bounds a 3-cell (without singularities) in it. 
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K. Then the closure of sa - T is a compact 3-manifold M K whose 
boundary is the same as that of T. The classification of the M K'S is 
equivalent to the classification of the knots in S3, and this is supposed 
to be a very difficult problem. We now observe that M K is a compact 
3-lnanifold with boundary, of a very special kind. Namely lvI K can 
be imbedded in S3, and its boundary is a closed surface of genus one. 
From the above, one gets an idea of how difficult the classification 
problems are for nonclosed 3-manifolds. 
22. \Ve \vould like to point out that the purpose of this paper is 
not to give a complete account of the knowledge of the classification 
problem of 3-manifolds. Many nice and important things have not 
been even mentioned in this paper. The purpose of this paper is only 
to explain the point of view in which this author believes. 
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I NSTITUTE FOR ADVANCED STUDY 




1INIMAL SETS: AN INTRODUCTION TO 
TOPOLOGICAL DYNAMICSI 


W. H. GOTTSCHALK 


The notion of minimal set is centrally located in topological dy- 
namics. Topological dynamics may be defined as the study of trans- 
formation groups with respect to those properties, ,vholly or largely 
topological in nature, whose prototype occurred in classical dynamics. 
I-Ienri Poincaré was the first to introduce topological notions ançl 
mcthods in dynamics, that is, the study of ordinary differential equa- 
tions. G. D. Birkhoff was the first to undertake the systematic de- 
velopment of topological dynamics, indicating its essentially abstract 
character and making fundamental contributions. Birkhoff's first 
paper on the subject appeared in 1912 [6, pp. 654-672]; Birkhoff's 
paper contains the first definition of minimal sets, some theorems 
about them, and some examples of them. l\tlost of Birkhoff's work 
in topological dynamics from the point of vie,v of general theory is 
to be found in Chapter 7 of his Colloquium volume Dynamical sys- 
tems published in 1927 [5]. The Colloquium volume Analytical 
topology by G. T. Whyburn [27], published in 1942, contains related 
developments in its Chapter 12. The Russian book, Qualitative theory 
of differential equations by Nemyckii and Stepanov [22], first edition 
in 1947 and second edition in 1949, contains a chapter devoted to 
topological dynamics; an English translation of this book has recently 
been announced by Princeton Press. The treatments of topological 
dynamics in the above books are all from the points of view of a single 
transformation or a one-parameter group of transformations. The 
Colloquium volume Topological dynamics by Hedlund and myself 
[14], published in 1955, is concerned mainly ,vith general trans- 
formation groups. 
A topological transformation group, or transformation group for short, 
is defined to be an ordered triple (X, T, 7r) such that the following 
axioms are satisfied: 
(AD) (STIPULATIVE AXIOM). X is a topological space, called the 
Phase space; T is a topological group, called the phase group; and 7r is a 
map of the cartesian product X X T into X, called the Phase map. 


An address delivered before the Washington meeting of the Society on October 
26, 1957, by invitation of the Committee to Select Hour Speakers for Eastern Sec- 
tionall\leetings; received by the editors April 10, 1958. 
1 This address was prepared while the author was under contract No. AF 18(600)- 
1116 of the Air Force Office of Scientific Research. Reproduction in whole or in part 
is permitted for any purpose of the United States Government. 
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[Let us for the moment use the multiplicative notation for the phase 
group T, let e denote the identity element of T, and let the value of 
7r at the point (x, t) of X X T be denoted by xt.] 
(A1) (IDENTITY AXIOM). xe =x for all xEX. 
(A2) (HOMOMORPHISM AXIOM). (xt)s =x(ts) for all xEX and all 
t, sE T. 
(A3) (CONTINUITY AXIOM). 7r is continuous. 
Consider a given transformation group (X, T, 7r). The phase map 
(x, t)-,xt determines two kinds of maps when one of the variables 
x, t is replaced by a constant. Thus, for fixed tE T, the map x
xt is 
a homeomorphism 7r t of the phase space X onto itself which is called 
a transition. Again, for fixed xEX, the map t
xt is a continuous map 
7r x of the phase group T into the phase space X which is called a 
motion. The set of all transitions is a group of homeomorphisms of 
the phase space X onto itself such that the transition 7r e induced by 
the identity element e of T is the identity homeomorphism of the 
phase space X and such that the map t
7rt is a group homomorphism. 
Conversely, a group of homeomorphisms of X onto itself, suitably 
topologized, gives rise to a transformation group. 
An intrinsic property of the transformation group (X, T, 7r) is 
defined to be a property which is describable in terms of the topology 
of the phase space X, the topology and group structure of the phase 
group T, and the phase map 7r. Topological dynamics is concerned 
\vith intrinsic properties of transformation groups with particular 
reference to those properties which first arose in classical dynamics. 
Among the examples which have been studied in the past, the most 
frequently occurring phase groups are the additive group g of integers 
with the discrete topology and the additive group CR of real numbers 
with its usual topology. In either case, the transformation group is 
called afiow. If the phase group Tis fJ, then the transformation group 
is called a discrete flow. If the phase group T is CR, then the trans- 
formation group is called a continuous flow. Here the word "continu- 
ous" apparently refers to the "real number continuum". 
To see how transformation groups in the role of continuous flows 
appeared in classical dynamics, consider a system of n first order 
ordinary differential equations of the form 
dXi 
at = fi(XI, . . . , x n ) (i = 1, . . . , n) 
where the functions J.i may be defined on a region X of euclidean n- 
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space or they may be defined locally throughout an n-dimensional 
differentiable manifold X. Impose enough conditions to insure the 
existence, uniqueness, and continuity of solutions for all real values 
of the "time" t and through all points of X. Then there exists exactly 
one continuous flow in X whose motions are the solutions of the sys- 
tem of differential equations. To illustrate with a very simple exam- 
ple, the continuous flow in the plane determined by the system 
dXl dX2 
- = Xl, - = - X2 
dt dt 


has as phase map 7r( (Xl, X2), t) = (Xl e t , X2e-t). 
A dynamical system may be defined as a continuous flow in a 
differentiable manifold induced by an autonomous system of first 
order ordinary differential equations, as above. Of course, every 
dynamical system is a continuous flow. To what extent and under 
what conditions a continuous flow is a dynamical system appears to 
be a largely unsolved problem. Let me say that this usage of the term 
"dynamical system" is not at all universal. More likely than not it is 
often used as synonymous with "continuous flow" or even "discrete 
flow. " 
The two kinds of flows, discrete and continuous, are closely related. 
For example, a continuous flo\v determines many discrete flows by 
taking cyclic subgroups of CR. Conversely, a discrete flow determines 
a continuous flow when the phase space X is extended to the car- 
tesian product of X and the closed unit interval, and the bases of the 
cylinder thus obtained are identified according to the transition in- 
duced by the integer 1, that is, (x, 1) and (xI, 0) are identified. The 
problem of imbedding a discrete flow in a continuous flow without 
alteration of the phase space appears to be largely unsolved. 
A discrete flow determines and is determined by the transition in- 
duced by the integer 1. Thus, we may redefine a discrete flow more 
economically as an ordered pair (X, cþ) where X is a topological space 
and cþ is a homeomorphism of X onto X. For the sake of simplicity, 
I wish to confine most of my remaining remarks to flows, and in par- 
ticular to discrete flows. Moreover, the phase space will be assumed 
to be compact metric for the same reason. I t is to be pointed out 
that the present theory of topological dynamics contains results on 
transformation groups acting upon topological spaces and uniform 
spaces which specialize to give most of the kno\vn facts about flows 
on metric spaces. 
Let X be a nonvacuous compact metric space with metric p and 
let cþ be a homeomorphism of X onto X. 
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The phase space X is nonvacuous closed and invariant, that is, 
Xcþ = X. In case X has these properties minimally it is said that X is a 
minimal set. The definition may be phrased for a subset of X. A 
subset J..f of X is said to be minimal under cþ provided that ]vI is 
nonvacuous closed and invariant, that is Mcþ = M, and no proper 
subset of M has all these properties. Minimal sets may be character- 
ized in various ways. If xEX, then the orbit of x, denoted O(x), is 
defined to be {xcþnl nEfJ} where g is the set of all integers; and the 
orbit-closure of x, denoted O (x), is defined to be the closure of the 
orbit O(x) of x. A subset J..l of X is minimal if and only if J..l is non- 
vacuous and ];[ is the orbit-closure of each of its points. 
By the axiom of choice, there always exists at least one minimal 
subset of X [14, p. 15]. 
Now recursive properties enter into consideration. A point x of the 
phase space is said to be almost periodic under cþ and cþ is said to be 
almost periodic at x provided that if U is a neighborhood of x, then 
there exists a relatively dense subset A of g such that xcþnE U for 
all n EA. A subset A of g is called relatively dense in case the gaps 
of A are bounded. Another \vay of saying the same thing is that 
Ø=A+K={a+klaEA&kEK} for some finite subset K of fJ. We 
may call the set K a bond of the set A. A periodic point is almost 
periodic, but not conversely. It has been remarked that a periodic 
point returns to itself every hour on the hour; but an almost periodic 
point returns to a neighborhood every hour within the hour. 
The basic connection between minimal sets and almost periodic 
points is this: The orbit-closure of a point x is minimal if and only if 
the point x is almost periodic [14, p. 31]. Consequently, every point 
of a minimal set is almost periodic, and there always exists at least 
one almost periodic point. This, of course, is in strong contrast to the 
situation with respect to periodic points. 
Since different minimal subsets of X are necessarily disjoint, we 
may conclude that the class of all orbit-closures is a partition of the 
phase space if and only if cþ is pointwise almost periodic, that is to 
say, cþ is almost periodic at each point of X. The partition of orbit- 
closures, when it exists, is necessarily star-open in the sense that the 
saturation or star of every open set is again open. In a compact metric 
space, \vhich we are here considering, this is equivalent to lower semi- 
continuity in another terminology. It is however not always the case 
that the partition of orbit-closures is star-closed in the sense that the 
star of every closed set is itself closed, or equivalently, upper semi- 
continuous. This condition may be characterized by the following 
recursive property. The map cþ is said to be weakly almost periodic on 
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X and the phase space X is said to be be weakly almost periodic under 
cþ provided that if E is a positive real number, then there exists a 
finite subset Kt of ø such that xEX implies the existence of a (neces- 
sarily relatively dense) subset Ax of ø such that ø =Ax+Kt and 
xcþnENE(x) for all nEAx. Here the bond K E depends only upon E, 
but the individual sets of return Ax depend also upon x. To summa- 
rize, the class of all orbit-closures is a star-closed partition of the phase 
space if and only if the map cþ is weakly almost periodic [14, p. 34]. 
In particular, cþ is weakly almost periodic on each minimal set. 
\Ve are now in the middle of the spectrum of recursive properties. 
A weaker recursive property than almost periodic may be mentioned 
fiïst of all. A point x of the phase space is said to be recurrent provided 
that if U is a neighborhood of x, then there exists an extensive subset 
A of ø such that xcþn E U for all n EA. Here "extensive" means con- 
taining a sequence diverging to - 00 and a sequence diverging to 
+ 00. In other words a point is recurrent provided that it returns 
(or recurs) to a neighborhood infinitely often in the past and infinitely 
often in the future. The term recurrent as it is here used coincides 
with its meaning in the Poincaré Recurrence Theorem (1899), which 
seems to be one of the earliest appearances in the literature of a 
theorem on a recursive property different from periodic. In general, 
point\vise recurrent does not imply point\vise almost periodic [12]. 
However, if the phase space is also zero-dimensional, then pointwise 
recurrent implies weakly almost periodic [14, p. 65]. 
Corresponding to any recursive property there is also the property 
of regionally recursive. For example, cþ is regionally recurrent provided 
that if xEX and if U is a neighborhood of x, then there exists an ex- 
tensive subset A of ø such that un Ucþn 
 ø for every n EA. The 
center of a discrete flo\v (X, cþ) is defined to the greatest invariant 
subset on which cþ is regionally recurrent. The center is also character- 
ized as the closure of the set of recurrent points. Since every almost 
periodic point is also recurrent, the center is necessarily nonvacuous. 
The center has the property that the relative sojourn of every point 
of the phase space in a neighborhood of the center is equal to unity. 
If the flow has an invariant measure \vhich is positive and finite for 
nonvacuous open sets, then the flow is regionally recurrent and the 
center is the entire phase space. This is the case for conservative dy- 
namical systems [14; 22]. 
Let us examine a few stronger recursive properties. The map cþ is 
said to be almost periodic on X and the phase space X is said to be 
almost periodic under cþ provided that if E> 0, then there exists a 
relatively dense subset A of g such that xcþnENE(x) for all xEX and 
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all nEA. Almost periodic implies ,veakly almost periodic \vhich in 
turn implies point,vise ahnost periodic; no converse holds. The almost 
periodicity of the map cþ may be characterized as follows. These four 
statements are pair\\Tise equivalent: (1) cþ is almost periodic; (2) the 
set of powers of cþ, namely {cþn\ nEn}, is equicontinuous; (3) the set 
of powers of cþ has compact closure \vhere the ambient space is the 
group of all homeomorphisms of X onto X \"ith the usual topology; 
(4) there exists a compatible metric of X which makes cþ an isometry 
[14, p. 37]. 
A still stronger recursive property is regularly almost periodic 
(G. T. \Vhyburn 1942; P. A. Smith 1941 related) [27; 24]. This is 
like aln10st periodic except that the set of return A is taken to be a 
nontrivial subgroup of n. We have then the properties: regularly al- 
most periodic point, pointwise regularly almost periodic map, and 
regularly almost periodic map. We mention a fe\v results in this con- 
text. The map cþ is regularly almost periodic if and only if cþ is both 
pointwise regularly almost periodic and weakly almost periodic. If 
cþ is point,vise regularly almost periodic, then every orbit-closure is a 
zero-dimensional regularly almost periodic minimal set [14, p. 49f.]. 
That a regularly almost periodic homeomorphism on a manifold is 
necessarily perioòic has been conjectured by P. A. Smith (1941) 
[24], but so far has been proved only for the two-dimensional case 
[for example, 14, p. 56]. 
By definition, an inheritance theorem is a theorem of the fOïm 
"cþ has property P if and only if cþn has the property P" where n is a 
preassigned nonzero integer. The inheritance theorem holds for re- 
current and almost periodic points as "Tell as for certain other recur- 
sive properties of a point. Actually, a very general inheritance theo- 
rem can be proved \v hich yields most knO\\Tn results for recursive 
points [14, p. 26]. 1'\0 general inheritance theorem is known for such 
properties as regionally recurrent and ,yeakly almost periodic al- 
though they too inherit, at least under certain conditions [14, pp. 67 
and 35]. 
111 this connection \ye may mention the fact that a connected mini- 
mal set undercþ is also minimal undercþn (n
O) [14, p. 16]. 
Two discrete flows (X, cþ) and (Y, ý;) are said to be isomorphic pro- 
vided there exists a homeomorphism h of X onto Y such that cþh = hý;. 
Let us consider now the problems: (1) (Construction problem.) To 
construct all minimal sets systematically; (2) (Classification prob- 
lem.) To classify all minimal sets according to isomorphism type. At 
the present, only partial answers can be given to these questions, 
even for discrete flows on compact metric spaces. 
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In the spectrum of isomorphism types of minimal sets, those which 
are almost periodic seem to constitute an extreme case, for the fol- 
lo\ving reason. A monothetic group is by definition a compact group 
which contains a dense cyclic subgroup, a generator of a dense cyclic 
subgroup being called a generator of the monothetic group. Now the 
almost periodic minimal sets under discrete flows are coextensive 
with the monothetic groups in the following sense. If X is a mono- 
thetic group 'with generator a, then X is a minimal set under the 
homeomorphism cþ of X onto X defined by x
xa. Conversely, if 
(X, cþ) is an almost periodic minimal set, then there exists a group 
structure in X which makes X a monothetic group and such that the 
map cþ is translation by a generator a, that is xcþ = xa for all xEX 
[14, p. 39]. Since the monothetic groups can be constructed in their 
entirety as the character groups of the subgroups of the discrete 
circle group (Anzai and Kakutani 1943) [2], the construction problem 
for almost periodic minimal sets under discrete flows has a reasonably 
definite answer. It is not clear to me whether the corresponding 
classification problem can also be answered by the present theory of 
topological groups. It is known (Halmos and Samelson 1942; Anzai 
and Kakutani 1943) [15; 2] that every compact connected separable 
abelian group is monothetic. For example, the n-toral groups Kn 
where n is a positive integer and the infinite toral group Kg are 
monothetic. 
The n-adic groups are monothetic and are topologically the Cantor 
discontinuum. Let us describe geometrically a minimal set given by 
the dyadic group and a generator. A similar construction is available 
for the general case. 
If E is the disjoint union of segments (meaning closed line seg- 
ments) El, . . . , Er, let E* denote the union of segments obtained 
by deleting the open middle third of each of the segmen ts El, . . . , Er. 
Let S be a segment of length 1. Define X o , Xl, . .. inductively as 
follows: Xo=S, X n + 1 =X: (n=O, 1, 2, . . .). Define x=n:_
 Xn. 
The space X is the Cantor discontinuum. Denote the 2 n disjoint 
segments which make up X n (n =0, 1, 2, . . . ) by S(n, m) (0 < m 
< 2 n -1) where S(O, 0) =S, S(n+1, m) is the initial third of S(n, m), 
and S(n+1, m+2n-l) is the terminal third of S(n, m). For each non- 
negative integer n permute the segments S(n, m) (0 < m < 2n-l) 
cyclicly according to the second coordinate m. These permutations 
induce a homeomorphism cþ of X onto itself. More exactly, if xEX, 
then for each nonnegative integer n we have that xES(n, m n ) for 
exactly one integer m n with 0 < m n 
 2 n -1 and xcþ = n:=
 S(n, m n + 1 
(mod 2 n )). It follows that (X, cþ) is a regularly almost periodic mini- 
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mal set which we may call the dyadic minimal set. To see the group 
structure of )(, draw the horizontal segments S(1, 0) and S(1, 1) 
under the horizontal segment S(O, 0), draw downward arrows to 
S(1, 0) and S(1, 1) from S(O, 0), and label the arrows 0 and 1 from 
left to right. Continue this process. A point of X is uniquely repre- 
sented by a downward chain of arrows and therefore by a sequence 
of O's and 1 'so The sequences are added coordinatewise with (pos- 
sibly infinite) carry-over. The generator of the dyadic group X which 
corresponds to cþ is given by the sequence (1, 0, 0, 0, . . . ). The n-adic 
minimal sets are all regularly almost periodic. 
In the case of the circle (1-sphere) as a minimal set under a discrete 
flow, the isomorphism type is characterized by an irrational number 
r between 0 and 1, the Poincaré rotation number, and the minimal 
set is isomorphic to the spin of a circle through an angle which is r7r 
[for example, 17]. Actually, the discrete flows on a circle appear to be 
presently unclassified. Let us look at one. Let . . . , E_l' Eo, El, . . . 
be a disjoint bisequence of closed arcs on a circle K such that U nE 9' En 
is dense in K and such that the cyclic order of . . . , E_l, Eo, El' . . . 
on K agrees with the cyclic order of . . . , xr- 1 , x, xr, . . . on a circle 
when the circle is rotated through one radian, x being a point of the 
circle and r denoting the rotation. Map En (nEB') homeomorphically 
onto En+l in the evident manner. This defines a homeomorphism of 
UnEB' En onto itself. Since both this homomorphism and its inverse 
are uniformly continuous, it can be extended uniquely to a homeo- 
morphism cþ of K onto K. The complement of UnEB' int En is a mini- 
mal set under cþ which is the Cantor discontinuum and \vhich is not 
almost periodic. The endpoints of the En (nE9') constitute a pair of 
doubly asymptotic orbits, that is p(xcþn, ycþn) goes to zero with 11n 
where x and yare the endpoints of the arc Eo. 
The almost periodic minimal sets are homogeneous since their 
phase spaces are groups. Is every minimal set homogeneous? The 
ans\ver is no (Floyd 1949) [11]. Floyd's example may be described 
in geometric language (University of Pennsylvania dissertation of 
Joseph Auslander 1957) [3]. 
If E is a box A XB \vhere A and B are segments, define E* to be 
(AIXB1)U(A3XB)U(A5XB2) where AI, . . . , A6 are the consecu- 
tive equal fifths of A and Bl' B 2 are the consecutive equal halves of 
B. If D is a disjoint union of boxes, define D* to be the union of the 
E* where E ranges over the boxes in D. Start with the unit box X 0 
and define 


Xn+l = X n * (n = 0, 1, 2, . . . ), 


+00 
X = n Xn. 


n=O 
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The boxes in X n (n =0,1,2, . . . ) are permuted just like the segments 
are permuted in the construction of the triadic minimal set. For exam- 
ple, the first three stages have boxes numbered as follows from left to 
right: 0; 0, 1,2: 0,3,6, 1,4,7,3,5,8. The process gives rise to a 
homeomorphism cþ of X onto X. It is seen that X consists of point- 
components and segments, X is zero-dimensional at point-compo- 
nents, X is one-dimensional on segments, )( is therefore not homo- 
geneous, X is minimal under cþ, cþ is not almost periodic, cþ is regularly 
almost periodic at some points of X but not at all points, cþ is not 
recurrent and no orbits are unilaterally asymptotic. 
There is also an example (F. B. Jones 1949) [14, p. 139 L] of a 
minimal set under a discrete flow \vhose phase space is a plane one- 
dimensional continuum which is locally connected at some points 
and not locally connected at other points. 
We turn no\v to another class of examples which we shall call 
shifting flows. Consider a nonvacuous compact metric space E and 
form its cartesian power X = EfJ with exponent fJ where fJ is the set of 
all integers. An element of X is simply a function on fJ to E. Provide 
X \\-Tith its product topology, or equivalently, its point-open topology. 
Define a homeomorphism u of X onto X as follows: (xnl nEfJ)u 
= (Xn+l\ n EfJ) \vhere x = (Xn I n EfJ) EX. The map u is cutomarily 
called the shift transformation. A point x of X may be denoted by a 
so-called symbolic trajectory. 


! 


. . . X-I XOXI'.' 


with index (the arrow) which denotes the value of the point x at o. 
The shift transformation changes the indexed symbolic trajectory 
simply by shifting the index to the next symbol on the right. Thus 


x Xu 


! ! 


. . . X-2 X-I Xo Xl X2. . . 


The notational device of a symbolic trajectory helps very consider- 
ably in the study of shifting flows. 
A symbolic flow is defined to be a shifting flow (EfJ, u) where E is a 
finite set \vith more than one element. The phase space EfJ of a sym- 
bolic flo\v (EfJ, u) is the Cantor discontinuum. Symbolic dynamics is 
defined to be the study of symbolic flo\vs; it is therefore largely com- 
binatorial in nature. A large number of papers have been concerned 
with symbolic dynamics [14, p. 113]. The symbolic flows are descrip- 
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tive of geodesic flo\vs over certain surfaces of constant negative curva- 
ture. Marston Morse (1921) [20] defined a symbolic trajectory as 
follows, \vhere E = {a, b} with a
b. The elements a and b are called 
duals of each other. Consider the 1-block a; dualize to form the 
1-block b and suffix it; we now have a 2-block a b. Consider the 2- 
block a b; dualize to form the 2-block b a and suffix it; \\re now have 
a 4-block a b b a. The next step gives the 8-block a b b a b a a b. The 
process is continued to form a ray. This ray is then reflected to the 
left to form a trajectory \vhich may be indexed at any symbol. This 
indexed trajectory is an exan1ple of an almost periodic point under u 
which is not periodic. Consequently, Morse showed for the first time 
that there exist everywhere nonlocally connected compact minimal 
sets under certain geodesic flows. 
A characteristic property of symbolic flows is expansive. A discrete 
flow (X, cþ) is said to be expansive provided there exists a positive 
real number E such that if x and yare different points of the phase 
space X, then p(xcþn, ycþn) > E for some integer n. It may be seen that 
every symbolic flow is expansive and, conversely, if a discrete flow 
on a zero-dimensional compact metric space is expansive, then it 
may be imbedded in a symbolic flow. Observe that expansive is a 
strong negation of isometric, or equivalently, almost periodic. Con- 
sequently, the expansive minimal sets appear to be at the other end 
of the spectrum from almost periodic minimal sets. I t has been 
proved (Schwartzmann 1952; Utz 1950 related) [23; 26; 14, p. 87] 
that every expansive discrete flo\v possesses a pair of points which is 
positively asymptotic and a pair of points which is negatively asymp- 
totic. This means that x
y and p(xcþn, ycþn)
o as n
+ 00 or 
n
 - 00 , respectively. The asymptotic points of a minimal set are at 
least partially characteristic of the minimal set. 
In the shifting flow (EfJ, u) vie may take E to be the closed unit 
interval J and obtain the Hilbert cube JfJ as phase space. We may 
also take E to be the circle group K and obtain the infinite toral group 
Kg as phase space; in this case the shift transformation is a group 
automorphism. An example (R. F. \Villiams 1955) [28] of an expan- 
sive discrete flow on a continuum may be imbedded in the flow 
(Kg, u). It is described as the set of all bisequences (znlnE9) such 
that Zn = Z;+l for all n EfJ; it is therefore the 2-solenoidal group and 
the map is a group automorphism. The shifting flows in the Hilbert 
cube, the infinite torus, and other spaces, appear to be worthy of 
further study. So far as I am a,vare, shifting flo\\rs have been sys- 
tematically investigated only in the case of symbolic flows. 
I wish now to describe briefly some recent unpublished work [3, 
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related] tending toward the classification of locally almost periodic 
minimal sets. Given a discrete flo,v (X, cþ). The map cþ is said to be 
locally almost periodic provided that if xEX and if U is a neighbor- 
hood of x, then there exists a neighborhood V of x and a relatively 
dense subset A of ß such that VcþnC U for all nEA. Two points x 
and y of X are said to be proximal provided that if e> 0, then 
p(xcþn, ycþn) <;e for some nEfJ. Assume no,v that X is compact metric 
and cþ is locally almost periodic. The relation proximal is a closed 
equivalence relation in X. Consider now the star-closed partition 
space X* determined by the relation proximal. The discrete flow in- 
duced on X* is almost periodic. Suppose also that)( is minimal. Then 
X* is minimal. Hence X* is an almost periodic minimal set and thus 
a monothetic group, called the structure group of the original locally 
almost periodic minimal set. To illustrate, the structure group of 
Floyd's example is the triadic group, and the structure group of 
J ones' example in the circle group. 
Just a few words now about continuous flows. In general, the 
definitions and theorems mentioned before apply to continuous flows 
as ,veIl as discrete flows. There are some exceptions, however. A 
minimal set under a continuous flow is necessarily connected; not 
so for a discrete flow. Another exception appears in the theorem 
(A. A. Markov 1931) [19; 14, p. 14] that a finite-dimensional minimal 
set under a continuous flow is a Cantor-manifold and hence has the 
same dimension at each point. This is not true for discrete flows: 
witness the example of Floyd. 
The examples of continuous flows which have been most exten- 
sively studied are the geodesic flows over surfaces of constant nega- 
tive curvature. Geodesic flows are defined for Riemannian manifolds 
of arbitrary dimension but let us think of the 2-dimensional case. 
Let S be a surface of class C2 provided with a Riemannian metric of 
class C2 and which is complete in the sense that each geodesic arc in 
S can be extended to infinite length in both directions. The phase 
space X consists of the unit contravariant vectors on S which we 
may call the unitangents (unitangent = unit tangent). Let xEX and 
let tE (R. Consider the geodesic g in S which has x as a tangent. If t 
is positive, measure t units of arc length along g in the same direction 
as x from the base point of x and take the unitangent to g at the new 
point to be the image of x under the transition 7r t . Like\vise for nega- 
tive t. There results a continuous flow which is called the geodesic 
flow over S. N OVl X is a 3-dimensional manifold which is the bundle 
space of a fibre bundle \vith the circle as fiber and the surface S as 
base space. The geodesic flows are dynamical systems which are 
determined by the Euler equations. 
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We state one theorem on geodesic flows which is now classical. If 
S is a complete 2-dimensional analytic Riemannian manifold of con- 
stant negative curvature and of finite area, then the geodesic flow 
over S is regionally mixing and its periodic points are dense in the 
space of unitangents on S. This theorem is proved again in the Col- 
loquium volume Topological dynamics [14, p. 131]. A continuous 
flow (X, CR, 1f) is said to be regionally mixing provided that if U and 
V are nonvacuous open subsets of X, then there exists a positive real 
number s such that Dtn V
 ø for t E <R \vith \ t\ > s. 
Closely related to the geodesic flows are the horocycle flows over 
surfaces of constant negative curvature. They have the same phase 
spaces as geodesic flows but different transitions and motions. It has 
been shown (Hedlund 1936) [16] that for each integer p> 1 there 
exists a closed orientable surface S of constant negative curvature 
and of genus p such that the space X of unitangents on S is a region- 
ally mixing minimal set under the horocycle flo\v over S. Here the 
phase spaces X are compact 3-dimensional manifolds, are not almost 
periodic under the horocycle flows, and, even more, are not recurrent 
(since regionally mixing). A continuous flo\v eX, CR, 1f) is said to be 
recurrent provided that if E> 0, then there exists an extensive subset 
A of CR such that xtENE(x) for all xEX and all tEA. 
As remarked previously, every discrete flow (X, cþ) gives rise to a 
continuous flow as follows: take the cartesian product of X and the 
closed unit interval, and identify bases according to the map cþ. The 
capped n-adic minimal sets produce the n-solenoidal minimal sets. 
All of these minimal sets are regular! y almost periodic, and their 
structure groups are the n-adic groups and the n-solenoidal groups. 
Consider the space X of all continuous functions! on the line group 
R to <R and provide X with its compact-open topology. Define a con- 
tinuous flo\v in X by translation of the function f: (f(r) IrE CR) 

(f(r+t) IrE CR) defines 1ft for each tE CR. It is known (Bebutov 
1940) [4] that every continuous flow in a compact metric space with 
at most one fixed point is imbeddable in the above flow. The minimal 
sets under continuous flows therefore all appear in the Bebutov exam- 
ple. A perspicuous proof of his theorem is much to be desired. From a 
topological point of view, the Bebutov example has a favorable prop- 
erty, namely, the orbit-closure of a point f is compact if and only if 
f is bounded and uniformly continuous. 
The consideration of function spaces leads us to the almost periodic 
functions of Harold Bohr. Consider the space X of all bounded uni- 
formly continuous functions on <R to <R and provide X with its uni- 
form topology. Define a continuous flow in X by translation of the 
functions. An element of X is an almost periodic function in the sense 
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of Bohr if and only if it is an altnost periodic point under the flow. 
This statement ShO\\TS the consistency of the terminology almost peri- 
odic. A certain fraction of the theory of almost periodic functions 
can be presented under the theory of continuous flows or, more gen- 
erally, transformation groups, [14, pp. 40-48]. It seems that future 
developments will encompass more. Recent \vork of Tornehave 
(1954) [25] is suggestive in this connection. 
In the foregoing discussion of flo\vs there are several features which 
suggest a broader and more general development in the context of 
transformation groups. Some of these features are: (1) analogous 
theories for discrete flows and continuous flo\vs (the famous dictum 
of E. H. l\100re is brought to mind) ; (2) the study of flows themselves 
leads to topological groups; (3) the study of flows leads to almost 
periodic functions and the theory of almost periodic functions in- 
cludes functions on groups. 
The Colloquium volulne Topological dynamics [14] is written from 
this more general point of view. Let us mention briefly two repre- 
sentative notions of recursion for transformation groups. Let (X, T) 
be a transformation group. A subset A of the phase group T is said 
to be syndetic provided that T = AK for some compact subset K of T. 
The notion syndetic replaces the notion relatively dense for sets in 
g and CR. A point x of the phase space X is said to be almost periodic 
provided that if U is a neighborhood of x, then xA = {xLI tEA} C U 
for some syndetic subset A of T. A semigroup P in T is said to be 
rePlete provided that P contains some bilateral translate of each com- 
pact subset of T. A subset A of T is said to be extensive provided that 
A intersects every replete semigroup in T. A point x of X is said to 
be recurrent provided that if U is a neighborhood of x, then xA C U 
for some extensive subset A of T. When T is g or CR, then these no- 
tions of recursion reduce to the customary ones for flows [14]. 
For the reamining moments permit me to pose a few more questions 
which are presently unanswered so far as I know. Questions stated 
for flows on metric spaces are usually meaningful also for trans- 
formation groups on more general spaces. 
(1) What compact metric spaces can be minimal sets under a dis- 
crete flow? Under a continuous flow? The universal curve of Sier- 
pinski? The universal curve of Menger? A lens space? What poly- 
hedra? Can they be nonorientable? About all that is known for poly- 
hedra is that, in the continuous flow case, the Euler characteristic 
has to vanish. This follows from the fact that a minimal set with more 
than one point cannot have the fixed point property [1, p. 532]. The 
only closed surfaces \vith vanishing Euler characteristic are the torus 
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and the Klein bottle. The torus is a minimal set under both discrete 
flows and continuous flows. Can the Klein bottle be a minimal set? 
What can be said about the homology and homotopy groups of a 
minimal set? 
(2) More generally, what subsets of a given phase space can be 
minimal subsets? Does there exist a discrete flow in euclidean 3-space 
such that some orbit-closure is the necklace of Antoine? If so, can 
it be minimal? In an n-dimensional manifold it is known that a mini- 
mal subset is either the whole manifold or of dimension less than n 
[14, p. 14]. If the dimension is equal to n-l, then is it necessarily 
an (n -1)-torus? (Question of R. W. Bass.) Bass has pointed out 
that a theorem of Kodaira and Abe (1940) [18] shows the answer to 
be affirmative for an almost periodic minimal set under a continuous 
flo"T even when merely the phase space is imbeddable in euclidean 
n-space. 
(3) Let X be a compact uniform space which is minimal under a 
homeomorphism cþ. In general, X need not be metrizable since every 
compact connected separable abelian group is monothetic (for exam- 
ple, KJ where K is the circle group and J is the unit interval). What 
other conditions will guarantee that X be metrizable? One instance 
is that cþ be expansive (Bryant 1955) [7; 9]. Another is that cþ be 
regularly almost periodic. 
(4) Distal means without distinct proximal points. Is every distal 
minimal set necessarily almost periodic? I t is kno\vn that distal and 
locally almost periodic are equivalent to almost periodic, even with- 
out minimality [13]. 
(5) The study of geodesic flows and horocycle flows now requires 
rather much geometry and analysis. Is it possible, in some sense, to 
axiomatize these flows so that they are more accessible to immediate 
study? 
(6) In many examples of geodesic flows, symbolic flows, and horo- 
cycle flows the following properties occur together: regionally mixing 
and dense periodic or almost periodic points. Does regionally mixing 
plus some auxiliary hypothesis imply that the almost periodic points 
are dense? 
(7) What spaces can carry an expansive homeomorphisn1 (Ques- 
tion of Utz and others)? The n-cells? May such spaces be locally 
connected? 
(8) The roles of connected, locally connected, locally euclidean, 
and other kinds of connectivity, in question of existence and im- 
plica tion ? 
(9) When von Neumann defined his almost periodic functions on a 
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group, he generalized Bochner's characterization of the Bohr almost 
periodic functions. This led to the notion of left and right almost peri- 
odic functions which Maak subsequently proved equivalent. (In- 
cidentally, the theorems of topological dynamics can be quoted to 
establish this.) When the original Bohr definition is generalized di- 
rectly to functions on topological groups, a similar dichotomy occurs 
but the answer as to their equivalence in this case is not clear. If the 
t\VO kinds are actually equivalent, then this new definition leads again 
to von Neumann's functions. (See [14, p. 40 f.] for references and 
full statements.) 
(10) There are a nun1ber of theorems in topological dynamics 
\vhose hypothesis and conclusion are meaningful for nonrnetric spaces, 
say compact or locally compact uniform spaces, and yet the only 
known proof makes use of a category argument valid for metric 
spaces or at least first -cou n table spaces [14]. The question is to find 
a replacement for the category arguments, either in particular cases 
or in general, \vhich permit the removal of countability assumptions 
such as metric or first-countable. Recent work of Robert Ellis (1957) 
[10] is very interesting and suggestive in this connection. 
(11) From an abstract point of view, there is an equivalence be- 
tween transformation groups and spaces of functions on groups to 
spaces. Briefly, the space X of functions on a group T to a space Y 
determines a transformation group (X, T) by translation on the func- 
tions; and a transformation group (X, T, 7r) determines the space 
{7r z l xEX} of motions in the space Z of all functions on T to X. 
These two constructions are not symmetric because the first produces 
a relatively complicated space X from a relatively sin1ple space Y, 
and the second produces a more complicated space Z from an already 
complicated space X. To avoid the difficulty, a theorem is needed for 
transformation groups which extends the Bebutov theorem on a 
universal flow for continuous flo\vs. 
More questions are stated in [21]. 
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The follo\ving lines describe some closely related results concerning 
the three subjects of the title. Detailed proofs will be given elsewhere. 
1. Spline functions. Let X
-l denote the truncated power function 
defined as x n - 1 if x > 0 and = 0 if x < 0 (n = 1, 2, . . .). Let 

" (v = 1, . . . , k) be a given finite sequence of increasing abscissae. 
By a sPlÏíte function of degree n -1 \ve mean a function of the form 


(1) 


k n-l 
Sn-l,k(X) = Pn-l(X) + L Cp(x - 
JI)+ , 
JI=l 


\vhere Pn-l(X) is a polynomial of degree < n-1. Equivalently, this 
function may be defined by separate polynomials of degree < n 
 1 
in each of the k + 1 intervals (- 00, 
l)' (
l, 
2), . . . , (
/;;, (0), such 
that the composite function has n - 2 continuous derivatives for all 
real x. For n = 1 we obtain a step-function, for n = 2 a continuous 
broken-line graph and so on. The 
" are called the knots of the spline 
function. The reasons for the name "spline function" are explained in 
[5, p. 67]. 
By adding to the spline (1) the Inonomial x n we obtain a function 


(2) 


F(x) = x n + Sn-l,k(X) 


which \ve call a monosPline of degree n and knots 
". Both splines and 
monosplines become polynomials if k = o. Much of the familiar Alge- 
bra of polynomials disappears if k > 0, as these systems are not closed 
\vith respect to multiplication. Fortunately much of the Calculus of 
polynomials survives such as the relations 


1 This paper was prepared partly under the sponsorship of the United States Air 
Force, Office of Scientific Research, ARDC, under a contract with the University of 
Pennsylvania. 
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d 
-Sn-l,k(X) = Sn-2,k(X), 
dx 


f Sn-1,k(x)dx = Sn,k(X), 


wi th similar ones for monosplines. The periodic extension of period 
unity of the Bernoulli polynomial Bn(x), (0 < x < 1), is a monospline 
of degree n having knots in all points of integral abscissae, an example 
which is familiar from the theory of the Euler-Maclaurin sum for- 
mula. 
We nuw procede to shuw that the so-called f undamen tal theorem 
of Algebra also holds for monosplines. Huwever, due to the nature of 
these functions 'we must restrict ourselves exclusively to the real 
field. We begin by defining the multiplicity or order of a zero of (2). 
This notion being evident if the zero is not a knot of (2), 'we may 
assume that it is one, x = 
 say. Even no"v the meaning of a zero 
x=
 of multiplicity <n-2 is the usual one and we may therefore 
restrict our discussion to the case "vhen 


F(
) = F' (
) = . . . = F(n-2) (
) = o. 


But then the function (2) has the form 


{ A(X - 
)n-l + (x - 
)n if x < 
, 
F(x) = 
B(x - 
)n-l + (x - 
)n if x > 
,(A 
 B), 


a representation "vhich is valid in a neighborhood of 
 ,vhose end- 
poin ts are the nearest knots. 
We may now define the order of the zero x = 
 as follo,vs: 
DEFINITION. 1. If AB>O we say that 
 is a zero of order n-1. 
2. If AB <0 we say that 
 is a zero of order n. 
3. If AB =0 there are two subcases: 
3'. If B -A >0 we say that 
 is a zero of order n, 
3". If B -A <0 we say that 
 is a zero of order 11,+1. 
The follo"ving is readily seen: 1. The largest possible multiplicity 
of a zero of (2) is n + 1. 2. F(x) changes sign at x = 
 or not, depending 
on "vhether the order of the zero is odd or even. 3. A zero of F(x) is 
also a zero of its derivative F'(x) of order by exactly one unit less than 
before differentiation. 
Our analogue of the fundamental theorem of Algebra is 
THEOREM 1. A monosPline (2) can have at most n+2k zeros, counting 
multiplicities as defined above. Given arbitrarily the zeros Xl < X2 < . . . 
< X 8 with corresponding multiplicities a}, a2, . , a 8 , such that 


(3) 


ai < n + 1, 


(i = 1, . . . , s), 
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(4) 


. 
I: ai = n + 2k, 
1 


there is a uniquely defined monosPline (2), of degree n, and k distinct 
knots 
1, . . . , 
k, having the given set of zeros Xi of orders ai, respec- 
tively. Thus n+2k plays the role of the "degree" of (2). 
If k = 0 Theorem 1 reduces to the familiar theorem for the field of 
reals. vVith k arbitrary, the cases when n = 1 or 11, = 2 are easily 
established and furnish instructive examples for Theorem 1 which 
are readily solved graphically. The general case of Theorem 1 de- 
pends on a geometric result to which we now turn. 
2. Convex curves. Let r be a compact set in the 2k-dimensional 
euclidean space E 2k and let K = K(r) denote the convex hull of r. 
A \vell known theorem of Carathéodory states that every point p of 
K may be obtained as a centroid with positive masses of 2k + 1 
appropriately chosen points of r (see [2, pp. 35-36 D. The deter- 
mination of the knots 
1, . . . , tk of a monospline (2) of given zeros 
(Theorem 1) does not depend on the solution of readily available 
algebraic equations, except if n = 1 or 2 and other special cases to be 
mentioned in 
3. Rather the proof of their existence depends on the 
follo\ving refinement of Carathéodory's theorem under very special 
circumstances which allow to reduce Carathéodory's number 2k + 1 
to k + 1. 
We assume that r is a closed curve in E 2k given in parametric form 
and not contained in a hyperplane. vVe say that r is convex in E 2k 
provided that the curve r crosses no hyperplane more than 2k times. 
Let us now assume that our curve r is convex in E 2k and let p be a 
point in the interior of K(r). Under these special assumptions the 
follo\ying theorem holds: 
THEORE:M 2. Given at will a point qo on r, there exist k further points 
ql, . . . , qk, on r, such that p is a centroid of the k + 1 points qo, ql, . . . , 
qk wlth positive masses. 
The case k = 1 of convex curves in the plane E 2 is obviously true. 
Another case of Theorem 2 familiar from the theory of the trigo- 
nometric moment problem is obtained if r is the special curve 


Xl = cos t, 
X2 = sin t, 


X3 = cos 2t, . . . , X2k-1 = cos kt, 
X4 = sin 2t, . . . , X2k = sin kt, 


(0 < t < 211"). 


The proof of the general case depends on results obtained in [6, 
1], 
and in a joint paper [1] with H. B. Curry. 
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3. Mechanical quadrature. It should come as no surprise that 
monosplines are related to the problem of mechanical quadrature, for 
indeed the kernels which appear in Peano's form of their remainders 
are precisely monosplines (see [3 D. This connection furnishes the 
occasion to mention two further examples illustrating Theorem 1. 
EXAMPLE 1. Let n = 2k. According to Theorem 1 a monospline 


(5) 


F(x) = X2k + S2k-l.k(X) 


is uniquely defined if \ve preassign its n+2k =4k zeros, none of 
multiplicity exceeding 2k+1. We novv prescribe these zeros to be 
x = -1 and x = + 1, each of multiplicity 2k. The resulting monospline 
(5) is easily found to be identical \vith the Peano-kernel in Gauss' 
formula of mechanical quadrature. In fact the knots 
l, . . . , 
k of 
(5) are the zeros of the kth Legendre polynomial. 
EXAMPLE 2. Let again n = 2k and consider 


(6) 


F(x) = X2k + S2k-J .k+l(X) 


which may have as many as 2k+2(k+1) =4k+2 zeros. vVe no\v pre- 
scribe these zeros to be x = -1 and x = + 1, each of multiplicity 
2k+l (notice that the requirements (3), (4), of Theorem 1 are veri- 
fied). The resulting monospline (6) is found to be identical \vith the 
Peano-kernel in Radau's formula of mechanical quadrature. (See [4, 
formula (24 bis), p. 296]; also [7, p. 161, Example 2 D. The knots of (6) 
are, besides + 1, the zeros of the derivative of the kth Legendre poly- 
nomial. 
A more general application of Theorem 1 yields the follo\ving t\VO 
theorems: 


THEOREM 3. We are given two integers k and n such that 


(7) 


1 < n < 2k 


and we set 


(8) 


r = 2k - n. 


We are also given r abscissae Xi such that 


(9) 


-1 < Xl < X2 < . . . < X r < + 1, 


where the set {Xi} is void if r = o. 
There exists a uniquely defined quadrature formula 


(10) 


k I I 

 G:f(
II) =:3 -1 f(x)dx, . 
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where 


(11) 


- 1 < 
l < . . . < 
k < 1, 


G 1 > 0, . . . , G lc > 0, 


and such that the relation (10) holds for every sPline function of the form 


(12) 


r 
f(x) --.: Pn-l(X) + L: Ci(X - Xi):-l, 
i=l 


i.e. of degree n -1 and having the r preassigned knots (9). 
\Ve \vish to call (10) a quadrature formula of the Gaussian type for 
the follo\ving t\VO reasons: First, if n=2k hence r=O, then (10) re- 
duces to Gauss' formula, as it must, since (12) now reàuces to an 
arbitrary polynomial of degree 2k -1. Secondly, notice that in the 
general case the spline function (12) depends on n+r=n+(2k-n) 
= 2k arbitrary parameters. In other 'words, we get a k-point formula 
(10) enjoying the characteristic "double precision" for a preassigned 
set of 2k functions 


2 n-l n-l 
1, x, x , . . . , x , (x - Xi)+ 


(i = 1, . . . , 2k - n). 


THEOREM 4. vVith assumptions (7), (8), (9), identical with those of 
Theorem 3, there exists a uniquely defined quadrature formula 


(13) 


k I I 
E RJ(tv) = _If(x)dx, 


where 


(14) to = - 1 < tl < . . . < tk-l < tk = + 1, Ro > 0, . . . , Rk > 0, 
and such that the relation (13) holds for every spline function of the form 
(12). 


We wish to call (13) a quadrature formula of the Radau type. In- 
deed, if n=2k hence r=O, then (13) reduces to Radau's formula 
(loc. cit.). Also the "double precision" argument applies as before. 
The practical implications of Theorems 3 and 4 are as follo-ws: The 
accuracy of the formulae of Gauss and Radau is "veIl known (See 
Radau's paper [4, pp. 334-335] for an instructive series of numerical 
examples). A serious drawback for the practical computer is the 
irrationality of the knots 
v(rv) and "veights Gv(R.,). Theorems 3 and 4 
allow to construct quadrature formulae having simPle rational knots 
and weights and sharing the accuracy of the Gauss and Radau 
formulae for any preassigned degree of exactness n in the range 1 < n 
< 2k. Some such formulae are already in common use. For instance, 
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the formula of G. F. Hardy (see [7, p. 151]) is a Radau type formula 
with k = 4 and n = 6, a fact which I may be permitted to interpret 
as explaining its good accuracy. 
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INTEGRAL REPRESENTATIONS FOR MARKOV 
TRANSITION PROBABILITIES 


BY DAVID G. KENDALL 


Communicated by Paul R. Halmos, July 14, 1958 


The following results (and one or two others like them) are proved 
in [3]; the continuous-parameter analogues will appear in [4] and 
some applications ,vill be discussed in [5]. The proofs are based on 
Sz.-Nagy's group of theorems [9] .which show how a discrete- or 
continuous-parameter semigroup of contraction operators on Hilbert 
space can be "dilated"l to a similar semigroup (actually a group) of 
unitary operators acting on a larger Hilbert space. The Wintner- 
Stone theorems on the spectral representation of discrete/continuous- 
parameter groups of unitary operators then lead easily to integral 
representations for the Markov transition probabilities 'which appear 
in the matrix elements of the operator to be dilated. 
1. A n irreducible Markov chain with a denumerable set of states pos- 
sesses at least one "positive sub-invariant measure" {mj: j = 1, 2, . . . }; 
i.e., there exist positive fin-ite real numbers mj such that 


(1) 


L mapak < mk 


( k = 1 2 . . . ) 
" , 


a 


where Pjk is the probability that a single transition from state Bj will lead 
directly to the state Bk. The numbers mj need not be unique, even if we 
require the normalization ml = 1. 
I1. If {m j: j = 1, 2, . . . } is a given positive sub-invariant measure 
associated with an irreducible Markov chain then the n-step transition 
probabilities for the latter can be uniquely represented in the form 


(2) 


n I / J inÐ 
Pjk = ( 1n k/ m j) e J.Ljk(d8) (n = 0, 1, 2, . . . ) 


where the complex-valued Borel measures J.Ljk are supported by the cir- 
cumference r of unit radius and are required to satisfy the Hermitean 
condition 


(3) 


J.Lkj = jljk 


(j, k = 1, 2, . . . ). 


The atoms of J.Ljk (of which there are none unless the chain is positive- 
recurrent) are located at the d dth roots of unity on r (where d is the 


1 The terminology is due to P. R. Halmos (see [9]). 
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period of the chain) and the nonatomic component of P.jk is absolutely 
continuous with respect to Lebesgue measure. This result shows that 
the rate-of-convergence problem for the p7t. (as n tends to infinity) 
can be reduced to one involving the asymptotic behavior of the 
Fourier constants of a summable function. 


III. Either ALL or NONE of the states of an irreducible aperiodic 
lvlarkov chain have the geometric convergence property, 
(4) I P;j - L j I < Ajp; for all n, where 0 < pj < 1. 

Vhen the alternative "all" holds then the nondiagonal transition proba- 
bilities P7t. (j
k) also converge geometrically to their ergodic limits. Such 
a "geometrically ergodic" chain must be either transient or positive- 
recurrent; it cannot be null-recurrent. 
IV. Let us say that an irreducible 1\1arkov chain is reversible with 
respect to a positive sub-invariant measure {mj: j = 1, 2, . . . } satis- 
fying (1) above if 
(5) mjpjk = mkpkj for all j and k. 
Such a measure if it exists is unique (if we put mI = 1) and it must be 
invariant (i.e. equality holds in (1)). A necessary and sufficient condi- 
tion for an irreducible 1'vfarkov chain to be reversible with respect to one 
of its positive sub-invariant measures is that 


(6) 


Pi k lPk I k 2 . . . Pkri = pjkrPkrkr-I . . . Pkâ 


for all positive integers r and all states OJ, Oki' . . . , Ok r . The condition 
(6) (\vhich need only be verified for r > 2 and for all distinct states 
Bj, BkI' . . . , BkJ was given by Kolmogorov [6] as a necessary and 
sufficient condition for a finite Markov chain to be "reversible in 
time"; Theorem IV may be regarded as a generalization of his result 
to infinite chains. (For the special case of positive-recurrent chains 
this result was given by Reich [8 ].) 
V. The bounded linear operator T on the Hilbert space l2 defined by 
(7) (TX)k = L Xa(ma/mk) 1/2Pak (k = 1, 2, . . . ) 


a 


has norm less than or equal to unity, and it is self-adjoint if and only if 
the irreducible chain {Pjk: j, k = 1, 2, . . . } is reversible with respect to 
the positive sub-invariant measure {mj: j = 1, 2, . . . } (a necessary 
and sufficient condition for this to be so is given by Theorem IV). The 
reversibility condition (6) is automatically satisfied whenever the 
only nonzero elements of {Pjk: j, k = 1, 2, . . . } lie on the principal 
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or the t\VO immediately adjacent diagonals; thus all such "random 
'walk" type chains are reversible and determine self-adjoint operators. 
This fact (and the spectral theorem for bounded self-adjoint oper- 
ators) no\\-" appears as the ultimate source of a series of integral repre- 
sentations found by Kac [1], by Ledermann and Reuter [7] and by 
Karlin and l\lcGregor [2] for probability matriccs associated with 
"random 'walk" and "birth and death" systems, and Theorems IV 
and V (and VIII beluw) finally delimit the area within \vhich such 
"self-adjoint" integral representations are to be found. \\Thcn condi- 
tion (6) is not satisfied the only general procedure available is the- 
dilation of the contraction T to a unitary operator on a larger space; 
this is in fact huw one arrives at the "unitary" integral representation 
of Theorem I I. 


VI. By means of a compactness argument it is possible to extend 
some of the above results to reducible chains; the follo\ving illustrates 
'what can be achieved in this way. With each state Ej of a (perhaps re- 
ducible) ]v[arkov chain there is uniquely associated a probability 1neasure 
v jj on the Borel subsets of the closed interval [0, 7r] such that 
p
 = i" cas n()pjj(d()) 


(8) 


(n > 0). 


The measure Vjj is absolutely continuous with respect to Lebesgue 
measure, save for at01ns at8=0, 27r/d, 47r/d, . . " 2 [d/2]7r/d in the 
special case when E j is positive-recurrent with period d > 1. The absolutely 
continuous component of the measure has the density 
1 1 - I Fjj(e i8 ) 1 2 
- , 
7r 11 - Fjj(e i8 ) 1 2 


(9) 


where Fjj(z) is the generating function of the probability distribution of 
the recurrence-time for the state Ej (so that F ij (l) < 1). 


VII. By means of an imbedded-chain technique one can extend 
much of the above to the continuous-parameter case (processes in- 
stead of chains). Thus, if \ve call a process irreducible \vhen, for each 
fixed j and k, Pik(t) is positive for all sufficiently large t, and if the 
usual regularity condition Pjk(t)
Öik (t
O) is postulated, then we 
find that each irreducible Markov process admits a positive sub-irvariant 
measure {mi: j = 1, 2, . . . } such that 
(10) 2: mapak(t) < mk 


(k = 1 2 . . . . t > 0 ) 
" , = , 


a 


and if one such measure {mj: j = 1, 2, . . . } is chosen then there exists 
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a unique Hermitean system {Jlik:j, k = 1, 2, . . . } of comPlex-valued 
totally-finite Borel measures supported by the real line and such that 
P;k(t) = (mk/m;) 1/2 f 
eiÀtJ.l;k(dÀ) 


(11) 


(t > 0). 


Each of the measures Jljk is absolutely continuous with respect to Lebesgue 
measure save for an atom at ^ = 0 (which is not present unless the process 
is "positive-recurrent"). 
VIII. By arguments analogous to those referred to at IV above one 
can extend the theory relating "reversibility" 'with the self-adjoint 
character of the associated operators to the continuous-parameter 
case, and so obtain results of which the follo'wing is a sample. Let 
{qjk: j, k = 1, 2, . . . } be a system of finite real numbers such that 
(12) qjk > 0 (j 
 k), qj = - qjj > 0, L qjß = 0, 
{J 


and such that the equations 
(13) L qjßYß = ^Yj 
ß 
have for some (and then for all) positive ^ no non-null bounded solu- 
tion; then there will exist a unique Markov process (the Feller proc- 
ess generated by the qjk'S) such that p;j;(O +) = qjk, and it will be ir- 
reducible if and only if every pair j and k of distinct positive integers 
can be linked by a finite chain (j, hI, . . . , hs, k) of positive integers such 
that 


(j = 1, 2, . . . ) 


(14) 


qjhlqhlh2 . . . qhsk > O. 


If the irreducibility condition is satisfied then the following condition 


X q : qj k lqk 1 k2 . . . qkrj = qjkrqkrkr-l . . . qkli 


for each positive integer rand for all sets 
of positive integers (j; k l , . . . , k r ), 
is both necessary and sufficient for the transition probabilities of the 
Feller process to be (uniquely) representable in the form 
(15) P;k(t) = (mk/m;) 1/2 1:" e-tTdG;k(T) (t > 0) 
where {G jk (.): j, k = 1, 2, . . . } is a symmetric system of real-valued 
functions of totally-bounded variation on [0, (0) which are continuous 
to the left and which satisfy Gjk(O) = 0, G jk ( (0) = Ojk; the ratios mj: mk 



362 


D. G. KENDALL 


are here uniquely determined by the equations 


(16) 


1njqjk = mlcqkj 


(j, k = 1, 2, . . . ). 


Not all of the Laplace-Stieltjes integral representations given by 
Ledermann, Reuter, Karlin and McGregor relate to irreducible Feller 
processes, but those which do are all instances of the above general 
theorem and of the remark that condition X q is automatically satis- 
fied 'whenever the qjk'S vanish everywhere save on the principal and 
the two immediately adjacent diagonals. (For "positive-recurrent" 
processes the connection between X q and reversibility was given by 
Reich [8 ].) 
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THE RADIUS OF UNIVALENCE OF THE ERROR FUNCTION 


BY ERWIN KREYSZIG AND JOHN TODD 
Communicated by Richard Bellman, July 29, 1958 
We shall determine the radius of univalence of the error function 


erf z = i' fr"dt, 
that is, the radius of the largest open circular disk, I zl <p, in \vhich 
erf z is schlicht. Some lo\\rer bounds for p have been obtained previ- 
ously, namely: 


{ I } 1/2 
"2 [(11"2 + 1)1/2 - 1] = 1.07 . . . , 
(11"/2) 1/2 = 1.25 . . . , 


[Nehari, 1], 


[Rogozin, 2], 


the largest positive root R, of x-arctan X=7r, where x= (4R4-1)1/2; 
R = 1.51 . . . , [Reade, 3]. These bounds were obtained by different, 
rather general methods. Our methods are based on special properties 
of erf z, and were suggested by a detailed study of actual numerical 
values of erf z, which were computed on the IBM 704 at the National 
Bureau of Standards by E. Brauer and J. C. Gager. 
THEOREM. The radius of univalence of erf z is the minimum distance 
from the origin of points, not on the x-axis, for which erf z is real. 
Two proofs of this are given, one depending on the properties of the 
maps of I z I = r, and the other on the properties of the curves in the 
z-plane on which arg erf z is constant. 
Our proofs have a constructive character and can be used to obtain 
bounds for p. With a small amount of hand calculation \ve find 


1.5666 < p < 1.5858. 
If we make use of the results of the elaborate calculations already 
referred to, we find that a plausible, seven decilnal value of p is 
1.5748376. 
Added in proof, October 10, 1958. We have now shown that the 
situation is quite different if we use another normalization: the radius 
of univalence of E(z) = exp Z2 erf z is 0.92413887 . . . . 
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FUNCTIONS WHOSE PARTIAL DERIVATIVES 
ARE MEASURES 


BY WENDELL H. FLEMING 


Communicated by W. S. Massey, July 16, 1958 
Let x denote a generic point of euclidean N-space RN(N ) 2). We 
consider the space ff" of all summable functions f(x) such that the 
gradient grad f (in the distribution theory sense) is a totally finite 
measure. I(f) denotes the total variation of the vector measure grad f. 
I n case grad f is a function F we have 


I(f) = r I F(x) I dx. 
J R N 


Vle write Hk for Hausdorff k-measure; and fr E for the frontier of a 
set E. Fr E is rectifiable if it is the Lipschitzian image of a compact 
subset of RN-l. 
One ought to be able to determine the primitive f with greater pre- 
cision than grad f, at least in certain cases. Our main result is that in- 
deed f can be deten11ined up to HN_1-measure 0 in t\VO (quite op- 
posed) cases: (1) grad f is a function; (2) the range of f is a discrete 
set, ,,-hich we may take to be the integers. l\10re precisely, let ff"1, ff"2 
be the sets of those fEff" satisfying (1) and (2) respectively. Let ff"01 
be the set of all Lipschitzian functions f with compact support. Let 
ff"02 be the set of all functionsfwith the following property: there exist 
a closed oriented (N -i)-polyhedron A and a Lipschitzian mapping 
g(w) from A into RN such that, for every xEEg(A), f(x) is the degree 
of the mapping g at x, and f(x) =0 for xEg(A). V\Trite J(w) for the 
Jacobian vector of g(w), wherever it exists. Let Q denote the set of 
points xEg(A) at which there is a nonunique tangent; more pre- 
cisely, we say that xEQ if there exist w, w'EA such that: (1) g is 
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totally differentiable at wand w'; (2) g(w) =g(w') =x; (3) J(w) 
O, 
J(w')
O; and (4) J(w) and J(w') do not point in the same direction. 
DEFINITION. A function fEffi is precise if there is a sequence 
fnEff oi I-convergent to f such that limnfn(x) = f(x) pointwise except 
in HN_I-measure O. 


THEOREM 1. For i = 1 or 2 every function fEffi is HN-al1nost every- 
where equal to a precise function f'. For i = 1 f' is uniquely detennined 
up to H N _ I -1neasure O. For i = 2 f' is unique up to H N _ I -1neasure 0 if 
we impose the additional restriction that fn is obtained fr01n a mapping 
gn as above for which limn HN-I(Qn) =0. 
The idea of precise function is closely related to Aronszajn's notion 
of perfect functional completion. In fact: 
THEOREM 2. The class of exceptional sets for the perfect functional 
I-completion [1] of the space ffOl is the class of all HN-I-null sets in RN. 
Fuglede [6] recently treated the analogous situation when 
grad fELp, p> 1. The exceptional sets turn out to be those sets Eon 
which the Riesz potential of appropriate order of sOlne non-negative 
function in Lp can be + 00. Every set of Hausdorff dimension < N - p, 
and none of Hausdorff dimension > N - p, is exceptional. For p = 2, 
considered previously by Deny and Lions [3], and Aronszajn and 
Smith [1], the exceptional sets are those of classical outer capacity 
o of order 2. 
A set E has finite perÙneter if its characteristic function belongs to 
ff2 (see De Giorgi [2]; in [5] I called E Caccioppoli set). 
THEOREM 3. Let E have finite perimeter. Then there is a sequence of 
open sets En and a set E' coincident with E except in a H N-null set such 
that: (1) f r En is rectifiable for every n; and (2) the characteristic func- 
tion of En converges to the characteristic function of E' in the I-norm 
and also pointwise except in IIN_I-measure O. E' is uniquely determined 
up to H N _ I -1neasure 0 if we require in addition that 
lim H N -1 [x E fr En I En does not have an exterior normatl at x] - O. 
,. 


Let E be any bounded set in RN. Put 


õ(E) = inf I(!), j E ffo I , j(x) > 1 for x E E. 
/ 


For any set E, put 


1 In Federer's sense. 
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c(E) - inf L õ(E k ), Ek bounded, U Ek :) E. 
{Ek} k-l 


If we replace H N - I by c, then Theorem 2 and the case i = 1 of 
Theorem 1 follo\v easily from [1]. ,"hI e need to show that 
c(E) = 0 if and only if HN-I(E) = o. 
"If" is easy. To prove "only if" we first show that ô(E) = ôI(E), where 
DI(E) = inf H N - 1 (fr '7r), 'Jr :J B, 7r polyhedron. 
Then ,ve apply a boxing inequality recently proved by W. Gustin, 
,vhich states that any polyhedron 7r can be covered by a finite number 
of cubes C j such that 
L HN-l(fr C j ) < KHN-l(fr 7r) 
j 


,,
here f( is a constant depending only on the dimension N. 
The case i = 2 and Theorem 3 require in addition results of De 
Giorgi and Federer, and especially an approximation theorem for 
closed generalized hypersurfaces a special case of which appears in 
[4, p. 331]. 
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LOCALLY TRIVIAL HOMOLOGY THEORIES, AND THE 
POINCARÉ DUALITY THEOREM 


BY H. B. GRIFFITHS 


Communicated by Deane Montgomery, July 21, 1958 
The follo'wing is a brief account of a forthcon1Ïng memoir. A com- 
plex with covering is a triple (K, X, St), often written (K, X), where 
(i) K is a chain complex {CqK, a q } and X = {Kx} is a collection of 
subcomplexes of K such that K =
K\ i.e. each xE CqK is a finite 
sum of members of the groups CqKx, KX EX; (ii) K is augmented, i.e. 
a o is a homomorphism of CoK in the integers, such that aol CoKx is 
onto, for each KX; (iii) each KX lies in some sub-complex St KX of K, 
(e.g. St KX might be 
KJl over all J.I, with KX(\KJl nontrivial). (K, X) 
is free whenever there exist sets G q such that Gqr\CqKX freely gener- 
ates each K\ (0 < q < (0). 
Let (K, X, StK) , (J, Jj, StJ) be complexes with covering. A n1ap 
7r: X
Jj is coherent whenever KX(\KJl nontrivial implies 7rKx 
C StJ(7rKJl). A relation (K, X)
u(J, Jj) is a chain homomorphism 
Ul: K 
J which preserves augmentations, together with a map 
U2: X
Jj, such that 1m (uII KX) C u 2 KX for all K X E3\,. We replace the 
arro\v in the above relation by 
* or 
q according as 1m (UI StKKX) 
C u 2 K\ or 1m (uII q-cycles of KX) C boundaries of u 2 K\ for each 
K^ E 3\,. 
Now suppose there exists a diagram of relations 


Zt v 
(AO, (to) --+ (A, a) -:. (Bl, (Bl) ò (AI, (tl) -:.. . . 
(t) 1u o !T !u l 
W 
(LO, oC O ) i (Ml, ffiU) Ò (Ll, oC l ) --: . . . 


-: (Bn, (Bn) ----+ 1 (An, an) --: (Bn+1, (Bn+1) ---+ (An+1, a n +1) 
n- 
1 un 1 u K +1 
-: (Ml,mTn);=ï (Ln, oC n ) -: (Af n +1,;)ITn+1) --: (Ln+1, oC n + 1 ) 


(the top right arrow carrying no "n"). Suppose that (LO, .eO) is free, 
and that there exists a coherent map '}I: oCo
a such that (i) the com- 
posite maps oCO
aq, .co
oCq are coherent; (ii) '}lug =ug; (iii) TV2'}1 =W2; 
(iv) each square is commutative (e.g. T'I;ViUi=WiU
, 'i=1, 2). Then for 
each q=O, 1, . . . , n+1, and abelian group G, there exist homology 
and cohomology diagrams 
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(November 


Hq(AO;G) 
H'l(Aq+l;G) 
(tt) u 
 1 ; 
'I( , 
IIq(LO; G) 
>H(lLq+l; G) 


H'(AfG
Hq(Ar;G) 
Hq(LO; G) < H q(Lq+l; G) 


\vhich are everywhere commutative, except above the diagonal if 
q = n + 1. The vertical and horizon tal maps are ind uced by cor- 
responding ones in the diagram (t), and the VI's by constructing a 
111ap (by induction on q) at chain level, and then applying the func- 
tors @G, Hom(., G). 
EXAMPLE (1). Let f: Y
X be a map of metric spaces, and let us 
prove a Vietoris-type mapping theorem. Let Sf X be that subcomplex 
of the singular complex of X which is generated by all cells of diameter 
< E. If {V} is an open covering of X, then Sf(X) is covered by 
{SfU}, and \\Te define St (Sf (V)) to be Sf(St V), St V=star of U in 
{ U}. Taking the augmentation which is 1 on all zero-cells, (Sf X, 
{Sf U}, 5t) is a free cOITIplex \vith covering, and similarly so is 
(Sf Y, {Sfj-l U} , St) ; further, if { V} star-refines { V} in X, then there 
is an obvious relation (Sf X, {SfV})
*(Sf
Y' {SfU}). Since X is 
paracompact, every { V} has a star refinement, and so a suitable se- 
q uence of coverings { U} can be found to yield a diagram of the form 
(t), the (T'S being induced by j,-provided that X is singularly locally 
connected in dimensions up to n + 1, and the fibres of f have a suita- 
ble acyclicity property of their neighborhoods in Y; this proviso en- 
ables one to construct the relations of the form 
'l' Turning then 
to the diagrams (tt), one has LO=L'l+l=SfX for some E, so that s 
there, for example, is the identity isomorphism; (T is f*q, and HS e 
=IIX. I-Iencef*'l: II'l(Y; G)
Hq(X; G) is an isomorphism, O < q < n, 
and f*,n+l is onto; similarly for COhOlTIology. The result holds for 
maps of paracompact, or of locally compact, spaces. 
EXA
IPLE (2). Poincaré duality in tech theory with integer coefficients 
and a locally compact space. The known sheaf-theoretic forms (cf. 
Borel, l\lichigan l\1ath. J. vol. 4 (1957)) of this result involve a group 
Hq(Hom(Alexander cochains)), \vhich is not usually known unless 
coefficients form a field. The following result shows what the group 
must be, in the problem at hand. Let R be locally compact, with com- 
pactification X =R+ 00 of covering dimension n. Using the Cech 
functor 11, assume Hn(X) =I-[n(X) =Ho(X) =integers. Define 
H
(R) = H'l(X, (0) = Dlim {I-['l(X, X - G) } ; 
Hcq(R) = Dlim {Hq(CIG)}, 
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the direct-lin1Ïts of groups and injertions being indexed by the set T 
of all open G C R with conllxlct closure CIC. Fix qo, 0 < qo < n. Assume 
that locally, each xER has a basis B of open neighborhoods, such 
that, given PEB, and a sufficiently snlall QEB, then the diagram 


Hq(X, X - Q) > Hq(X) 
li / 
Hq(X, X - P) 
of injections satisfies: i trivial (qo < q < 1l), k. n \ 1m i an isomorphism on 
Hn(..y'). Let r generate lIn(X). 


(Q C P) 


(ttt) 


THEOREM. The cap product with r induces a mapeq:H:(R)--+Hc.n_q(R) 
which is an iso-nzorphism if qo < q < n, and onto if q = qo-1. 
(Compare Cech, Proc. Nat. Acad. Sci. U.S.A. vol. 22 (1936) p. 110). 
The map Oq is natural relative to maps of X, except when q=n, ,vhen 
the maps need to be injections. This arises because On. has kernel zero 
(since it has "over the rationals," and there is no homology n-torsion), 
and we change coefficients of I1co(R) to be multiples of 
, 'where 
1m en =
. Reo(R); v,;e do not know if 
 must be 1. This change does not 
affect the other homology groups, and makes On. onto. The proof of the 
theorenl follo\vs fron1 the diagranls (t) and (t t) above, as follo\ys. 
\Ve eventually construct diagranls DI, D 2 : 


D 1 : 


I1q(X'r -7 X ': - 
Y) 
Hn-q(CIG) ) Ifn_q(CLY) 


D 2 : lIq(X, X 17 (-,\:' r - X), 
lln-fJ.( GP),'J >!f n-q( 
yo)a 


explaining the notation as required. If Dl exists ,,,ith CIG C NE T, the 
horizontal arrows induced by inclusion and the verticals by the cap 
product, then the required statement about e q follo\vs froIn the com- 
mutativity properties, by taking a direct lilnit over T of diagranls like 
D I . To construct Db \ve take limits of diagrams like D2, over the set 
Cov X of finite open coverings of X, directed by refinement; and to 
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see this we explain D 2 . It exists for any aECov X, and sufficiently 
fine ß, 1', with a < ß < "( in Cov X. If A e x, then A a is the star of A 
in a, and Aa the subcomplex of Nerve (a) generated by all cells whose 
support meets A; (X, X -G){1 = (X{1, (X -G){1). Then ClG = nG{1, 
ßECov X, so that the groups Hn_q(Gß)ß and obvious maps, have by 
continuity an inverse limit Ifn_q(Cl G); also I-Iq(X, X - G) 
=Dlim (Hq(X, X -G){1) (,vith obvious maps). To say that 1þ=lim 1þ', 
(1þ' =1þ'(a, ß, 1')), it is necessary to check certain commutativity rela- 
tions, and this can be done. Thus, it remains to construct D 2 . For 
this, \ve use the cochains and chains of suitable nerves for the com- 
plexes in the top and bottom lines of (t), respectively; and make cov- 
erings for them with coverings of N, rather as in Example 1. The 
relations 
q follow for the cochains by (t t t) and for the chains from 
the fact that if A EaECov X, then Aa is a cone ,vith acyclic ho- 
mology. The relations 
* follow as in Example 1, as does the aug- 
mentation for the chains. That for the cochains is the composite map 


On 
Cn(Xa) 
 Hn(Xa) 
 Hn(X) 
 Ho(X) = integers. 
The conditions (i)-(iv) imposed on (t) arc then verified, and so D 2 
exists, as required. 
Other interpretations of the diagram (t) give the De Rham theo- 
rem and a uniqueness theorem for singular homology, as well as 
known theorems on pairs of coverings, and technical lemmas. Conse- 
quences of the duality theorem are Alexander duality and vVilder's 
theorem (Pacific J. Math. vol. 7 (1957)), \vith integer coefficients. 
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SOLUTION OF THE DIRICHLET PROBLEM FOR 
EQUATIONS NOT NECESSARILY STRONGLY 
ELLIPTIC 


BY MARTIN SCHECHTER 


Communicated by E. Hille, August 7, 1958 
Let }.l = (}.lIt }.l2, . . . , }.In) be a seq uence of indices and set 
I IL I = L ILk, DIlo = ðlllol/(iðxl)llol(iðx2)1Jo2 . . . (iðxn)llon, 

p. = 
P.l
P.2 . . . 
I-'n 
1 2 n 


where 
 = (
1, 
2, . . . ,
n) is any n-dimensional vector. The linear par- 
tial differential operator 


A = L ap.(x) Vp. 
'p.I
m 


\vith complex coefficients ap' is elliptic at a point x if 


P(X, 
) = L ap.(x)
1Jo 
 0 
1p.1=m 


for all real 
 
O. It is strongly elliptic there if there is a complex 
constant l' such that Re l'P(x, 
) 
O for 
 
O. Let G be a bounded 
domain in n-space and let 1 and Uo be smooth complex functions de- 
fined in G. The Dirichlet problem (A, 1, uo) is to find a complex func- 
tion u such that Au =1 in G and all derivatives of U-Uo of order 
<m/2 vanish on the boundary ë of G. Gårding [2] and others have 
shown that if ë and the coefficients a llo are sufficiently smooth, a 
unique solution exists provided A is strongly elliptic and aoo...o is 
large enough. 
In this paper \ve extend the existence theory to include any elliptic 
operator for n> 2 and to operators satisfying a root condition [5] if 
n = 2. Such operators will be called properly elliptic. For m = 2 all 
properly elliptic operators are strongly elliptic, but this is not the 
case for higher orders. For example, the operator corresponding to 


4 4 4 2 2 2 
P(x, 
) = 
1 + 
2 - 
3 + i(
l + 
2)
3 


is not strongly elliptic. 
THEOREM. Let A be properly elliptic and denote its formal adjoint by 
A *. Assume that the Dirichlet problem (A *,0,0) has only the solution 
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It = 0. Th{'ll for any j and Uo sufficiently snlooth the Dirichlet problenl 
(..4, j, uo) has a solution. 
SKETCH OF PROOF. \Vithout loss of generality, we nlay assunlC 
Uo = 0 and for convenience \\Te assume fE Coo ( G ). Set 


(v, w)jI = L f Dp.
1 DjJ.'lfJ d
' 
1p.1 
8 G 


'> 
Ilt'lI; = (t', v)s 


and let 11 be the set of all v E COO( G ) having all derivatives of order 
<m12 vanishing on G. Complete V,vith respect to the norm II 11m 
and call the resulting Hilbert space 11. From the assumptions on A 
and A * it follo,vs [5] that 
c-l/lvl/ m < /I A*vl/o < cl/vll m for all v E H. 
Hence, by the Lax-IVlilgrall1 lemma [3] there is a gEE! such that 


(A *g, Á *v)o = (f, v)o 


for all v E H. 


A.pplying the regularity theory of Kirenberg [4] and Bro\vder [1], 
\ye see that gEcoo( G ). Hence AA *g=f in G. Set u=A *gECOO( G ). 
Then Au=f in G and 


(u, A *v)o = (A u, v)o 


for all v Ell. 


1'his last equality implies u EH. The proof is thus con1plete. 
T'he foregoing method can also be applied to systems of equations 
and to general boundary problems \vhich cover A in the sense of [{}]. 
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RECURSIVE EQUIVALENCE TYPES AND 
COMBINATORIAL FUNCTIONSI 


BY J. MYHILL 
Communicated by P. C. Rosenbloom, August 23, 1958 


Introduction. Recursive equivalence types and isols. The theory of 
recursive equivalence types (R. E. T.s; see [1; 2; 3; 4]) is a construc- 
tive counterpart of Cantor's theory of transfinite numbers. Tvvo sets 
a and ß of nonnegative integers are called recursively equivalent if one 
can be mapped onto the other by a one-one partial recursive func- 
tion; we write a
ß. The equivalence classes into which the class of 
all sets of nonnegative integers is decomposed by this equivalence 
relation are called recursive equivalence types; the R.E.T. to which a 
set a belongs will be denoted by Req a. The elementary arithmetic 
operations on R.E.T.s are defined by 
Req ex + Req ß = Req ({ 2n In E ex} + {2n + 11 n E ß} ), 
Reqa' Reqß = Req {2 m '3 n lmEex&nEß}. 


I t is easy to establish the existence and uniqueness of sums and prod- 
ucts so defined, and to prove the forn1ulas (A +B) +C=A +(B +C), 
A+B=B+A, (AB)C=A(BC), AB=BA, A(B+C)=AB+AC, 
A +0 =A, AB =O
(A =0 or B =0), where 0 is the R.E.T. of the 
empty set. T\vo finite sets are recursively equivalent if and only if 
they have the same number of elements; thus it is permissible to 
identify the R.E.T.s of finite sets with the nonnegative integers. The 
R.E.T.s are partially ordered by the relation A < B \vhich holds when 
A+C=B for some R.E.T. C. 
Amongst R.E.T.s a special role is played by those types A for 
which A 
A + 1; these types are called isols and the sets they char- 
acterize, isolated sets. Isolated sets are the constructive analogues of 
sets 'which are finite in the sense of Dedekind; they are precisely those 
sets which contain no infinite recursitl'ely enumerable subset. The isols 
are a proper subcollection of the R.E.T.s, and the nonnegative inte- 
gers are a proper subcollection of the isols. 
Arithmetical formulas of certain forms hold automatically for isols 
(and sometimes for R.E.T.s generally) provided they hold for non- 
negative integers. So far ([2; 4]) this has only been observed for 
formulas involving addition, an exponentiation multiplication. The 


1 The research reported in this note was done while the writer received support 
from the Institute for Advanced Study, and from NSF grant G-3466. 
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purpose of this note is to announce similar results for formulas in- 
volving a wider class of functions. 
1. Combinatorial mappings and combinatorial functions of non- 
negative integers. Let V be the class of all sets of nonnegative inte- 
gers. A mapping 


cþ: V 
 V 


is called a combinatorial mapping if the following conditions are satis- 
fied: (1) if a is finite, so is cþ(a): (II) the cardinality of cþ(a) is deter- 
mined by that of a: (III) cþ possesses a quasi-inverse cþ-l such that 
for any xEU aEV cþ(a) we have 
x E cþ(ß) 
 cþ-l(X) C ß. 


In virtue of (1)-(11), cþ induces a number-theoretic function ftþ such 
that if a has n elements, cþ(a) has ftþ(n) elements. Such a function ftþ 
is called a combinatorial function. The functions Xk, k'\ Cz,k, x!, XZ are 
combinatorial; and if f(x) and g(x) are combinatorial, so are fg(x) , 
f(x) +g(x) and f(x) . g(x). 
Every number-theoretic function can be expressed uniquely in the 
form 


(1) 


f(x) = L CiCz,i 
i 


where the Ci are integers. f is combinatorial if and only if (1) holds 
,vith all Ci > O. 
2. Combinatorial functions of R.E.T.s. The combinatorial function 
(1) is induced by the combinatorial mapping 
(2) cþ(a) = {2 m . 3 n I Pm C a & n < Cr(m)} 
where the Ci are the same as in (1), {pd is the canonical enumeration 
of finite sets (see [5]) and rei) is the number of elements of Pi. A 
combinatorial mapping cþ satisfying (2) for certain constants Ci is 
called a normal combinatorial mapping. For normal cþ (even ,vhen Ci 
is not a recursive function of i), a
ß implies cþ(a)
CÞ(ß). Hence 
every combinatorial functionf of nonnegative integers can be canoni- 
cally extended to a function F of R.E.T.s by setting 
F(Req a) = Req cþ(a) 
where cþ is the unique normal combinatorial mapping which induces f. 
If f is recursive, the canonical extension of f to R.E.T.s is called a 
recursive combinatorial (r.c.) function of R.E.T.s. The functions A k, 
k A , CA,k, A!, A A are r.c. functions; their definitions as canonical e"X- 
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tensions of the corresponding number-theoretic functions are equiva- 
lent to the definitions used in [1; 3; 4]. The composition, sum and 
product of two r.c. functions are r.c. 
3. Theorems. 
T1. Let F be r.c. Then A < B implies F(A) < F(B). Moreover, if 
F is not a constant and A and Bare isols exceeding a certain finite 
number depending on F, A 
B implies F(A) 
F(B). In particular 
if A, Bare isols ,ve have Ak =Bk
A =B for A, B, k > 1; k A =kB
A 
=B for k > 2; CA.k=CB,k
A=B for A, B > k > 1; A!=B!
A=B 
and AA =BB
A =B for A, B > 1. 
T2. Let F be r.c. Then if A is an isol so is F(A); the converse is 
true provided that F is not a constant. 
T3. Let F and G be r.c. Then 
(a) If F(n) =G(n) for infinitely many finite n, then F(A) =G(A) 
for at least one infinite isol A. 
(b) If F(n) =G(n) for all but finitely many finite n, then F(A) 
=G(A) for all infinite R.E.T.s A. 
(c) If F(n) 
G(n) for infinitely many finite n, then F(A) r!G(A) 
for at least one infinite isol A. 
(d) If F(n) 
G(n) for all but finitely many finite n, then F(A) 
r!G(A) for all infinite isols A (but in general not for all infinite 
R.E.T.s A; take F(n) =n, G(n) =n+1). 


4. Generalizations. A combinatorial function of k nonnegative inte- 
ger arguments XI, . . . , Xk is a function 


{(Xl, . . . , Xk) = I: [ cal" .ak :fr C z ,. a, J 
alt.",ak ,=1 


with all the C al .. .ak nonnegative. xy, x+y and XU (but not C Z ,'II) are 
combinatorial. The family of all combinatorial functions is closed 
under composition. The canonical extension to R.E.T.s of com- 
binatorial functions of several arguments, and the notion of an r.c. 
function of several arguments, are defined in a manner exactly parallel 
to the one-argument case. Analogues of T2 and of all parts of T3 can 
then be proved. In particular if F and G are r.c. functions of k argu- 
ments, we have 
T3*(b). If F(Xl, . . . , Xk) =G(Xl, . . . , Xk) for all finite XI, . . . , Xk, 
then F(Al'..', A k ) = G(A 1 , . . ., A k ) for all infinite R.E. T.s 
AI, . . . , A k. 
T3*(d). If F(xl, . . ., Xk) 
G(Xl, . . ., Xk) for all but finitely 
many k-tuples (Xl'.'.' Xk) of nonnegative integers, then 
F(A l , . . . , A k ) 
G(Al, . . . , A k ) for all infinite isols AI, . . . , Ak. 
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Notice that T3*(d) contains the principal result of [2] as a special 
case. 
A. N erode has obtained generalizations of T3 in a different direc- 
tion. For example, he has sho\vn that if F, G, II, L are r.c. functions 
such that for all finite Xl, . . . , Xk 
F(x!, . . . , Xk) = G(XI, . . . , Xk) 
 H(xI, . . . , Xk) = L(x!, . . . , Xk) 
then for all infinite isols At, . . . , Ale \ve haye 
F(..11,'. ',Åk)=G(At,'. .,Ak)
H(..lt,.. .,Ak)=L(A I ,.. .,A k ). 
rrhis does not hold reading "R.E.T.s" for "isols" (despite the fact 
that T3*(b) holds for arbitrary R.E.T.s); take F(AI, A2, A 3 ) 
= (AI +1)A 2 , G = (AI +1)A 3 , Ii =A 2 , L =A3. 
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THE SUMMER MEETING IN CAMBRIDGE 


The sixty-third Summer Meeting of the American Mathematical 
Society was held at the Massachusetts Institute of Technology, Cam- 
bridge, Massachusetts, on Tuesday through Friday, August 26-29, 
1958, in conjunction ,vith meetings of the l\1athematical Association 
of America, the Institute of Mathematical Statistics, the Society for 
Industrial and Applied Mathematics, the Econometric Society, and 
Pi Mu Epsilon. The registration was 972 including 599 members of 
the Society. 
The Committee to Select Hour Speakers for Annual and Sumlner 
Meetings invited five speakers. At the opening session on Tu
sday 
afternoon Professor B. J. Pettis of the U niversi ty of North Carolina 
addressed the Society on The existence and extension of nzeasures. 
Vice President Garrett Birkhoff presided. Professor Eldon Dyer of 
the University of Chicago addressed the Society on Wednesday morn- 
ing on The effect of mappings on dimension at a session presided over 
by Professor W. S. l\lassey. On Thursday morning Professor \Valter 
Rudin of the University of Rochester addressed the Society on lvIeas- 
ure algebras on abelian groups and Professor O. M. Nikodym of 
I{enyon College delivered an address entitled lv{athematically precise 
setting of the genuine Dirac's ó-function and proof of its basic properties 
at sessions presided over by Professor F. B. J ones and Professor R. D. 
James respectively. Professor Jürgen Moser of the Massachusetts 
Institute of Technology addressed the Society on Friday morning 
on The recent development in the theory of Hanziltonian systems. Pro- 
fessor M. R. Hestenes presided. 
There ,vere sixteen sessions for contributed papers, presided over 
by Professor l\1aurice Auslander, Professor R. G. Bartle, Professor 
A. P. Calderón, Dr. R. A. Gambill, Professor D. K. Harrison, Pro- 
fessor L. N. Howard, Professor L. W. Johnson, Professor L. M.Kelly, 
Dr. W. H. Pell, Professor D. B. Ray, Professor Hartley Rogers, Jr., 
Dr. l\tlary E. Rudin, Dr. R. L. San Soucie, Professor I. J. Schoenberg, 
Professor I. M. Singer, and Professor M. F. Smiley. 
Abstracts of the papers appeared in the August and October issues 
of the Notices of the Society. 
A tea and reception were given by the Massachusetts Institute of 
Technology in the President's House on \Vednesday afternoon. 
The Council met on Tuesday afternoon and evening, August 26, 
1958. 
The Secretary announced the election of the following sixty-five 
persons to ordinary men1bership in the Society: 
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l\Ir. J. J. Aeberly, City of Chicago, Chicago, Illinois; 
Professor H. P. Atkins, University of Rochester; 
Professor I. N. Baker, University of Alberta, Canada; 
Mr. F. E. Chappelear, International Business ivlachines Corporation, Glendale, Cali- 
fornia; 
Professor Thomds Erber, Illinois Institute of Technology; 
Mr. D. S. Evans, Electro Instruments, Incorporated, San Diego, California; 
Mr. L. R. Everingham, Radiation, Incorporated, Orlando, Florida; 
l\Ir. R. O. Excell, The Pure Oil Company, Chicago, Illinois; 
l\'1r. L. K. Flanigan, l\'1assachusetts Institute of Technology; 
ivlr. J. M. Fleissner, Wisconsin Electric Power Company, ivIilwaukee, Wisconsin; 
ivlr. R. M. Foote, American Oil Company, Texas City, Texas; 
ivlr. G. P. Ford, Los Alamos Scientific Laboratory, Los Alamos, New Mexico; 
Dr. S. M. Genensky, RAND Corporation, Santa ivlonica, California; 
l\lr. 'V. G. Giles, Stevens Institute; 
l\lr. P. J. Gold, New York University; 
l\'1r. Federico Grabiel, Hughes Aircraft Company, Culver City, California; 
Professor K. C. Ha, Seoul National University; 
ivlr. \V. G. Hanks, Canadian National Railways, Montreal, Canada; 
Professor John Hilzman, Harpur College; 
l\lr. W. A. Horn, University of Cincinnati; 
l\lr. R. H-D. Hou, Chung Chi College, Hong Kong; 
Professor Y.- Y. S. Hu, Syracuse University; 
l\lr. F. V. Hurst, Jr., Port of New York Authority, New York, New York; 
Mr. Stephen Jarvis, Jr., Frankford Arsenal, Philadelphia, Pennsylvania; 
Mr. Abraham Karen, Reeves Instrument Corporation, New York, New York; 
ivlr. ivI. Katzin, Electromagnetic Research Corporation, Washington, D. C.; 
Mr. \V. H. Kautz, Stanford Research Institute, Menlo Park, California; 
l\Ir. D. S. Kim, Seoul National University; 
ivlr. S. K. Kim, Seoul National University; 
Professor Dongwoo Lee, Seoul National University; 
Dr. Kurt Legrady, Universidad de Chile, Santiago, Chile; 
Miss Concepcion Leonor, University of Santo Tomas, ivlanila; 
ivlr. P. W. Lindsey, Jr., Alabama Polytechnic Institute; 
Professor G. E. Lochs, Oregon State College; 
ivlr. Y. J. Lubkin, Airborne Instrument Laboratories, Mineola, New York; 
ivlr. K. D. McDonald, Communications Engineering Corporation, '\Tilkes-Barre, 
Pennsylvania; 
l\Ir. F. L. MclVlains, University of Arizona; 
l\lr. L. J. Montzingo, University of Buffalo; 
ivlr. J. E. Moyal, Australian National University; 
l\liss Mildred Nelson, Technical Research Group, New York, New York; 
l\Ir. E. A. Prange, U. S. Air Force, Cambridge Research Center, Bedford, Massa- 
chusetts; 
lVlr. C. E. Prince, Jr., Taejon Presbyterian College, Taejon, Korea; 
Mr. G. J. Rensburg, University College of Fort Hare, South Africa; 
Professor E. A. Robinson, lVIichigan State University; 
Dr. G. M. Schindler, Holloman Air Force Base, New Mexico; 
Professor Patrick Shanahan, College of the Holy Cross; 
l\'1iss ivlary L. Shrier, Technical Research Group, New York, New York; 



195 8 ] 


SUMMER MEETING IN CAMBRIDGE 


379 


Mr. Harvey Sigal, New York University; 
Miss Diana lVI. Simpkins, London lVlathematical Society, London, England; 
Reverend J. F. Smith, S. J., Catholic University of America; 
Mr. H. B. Stanton, Ginn and Company, Boston, Massachusetts; 
Mr. Iwao Sugai, International Business Machines Corporation, Poughkeepsie, New 
York; 
Professor Takayuki Tamura, Tokushima University, Tokushima City, Japan; 
Mrs. Dina G. Thomas, University of Colorado; 
Dr. P. F. Wacher, National Bureau of Standards, Boulder, Colorado; 
l\Ir. lVlurray Wachman, Republic Aviation Corporation, Farmingdale, New York; 
IVlr. H. E. Weissler, Falstaff Brewing Corporation, St. Louis, 11issouri, and \Vashing- 
ton University; 
l\Ir. B. W. Wheeler, Sacramento, California; 
Mr. J. L. Widmaier, Columbus l Ohio; 
Mrs. Mary T. Wolbier, Bishop O'Hern High School, Buffalo, New-York; 
Dr. Eric Wolman, Bell Telephone Laboratories, Murray Hill, New Jersey; 
Mr. P. H. Yearout, University of Washington; 
Mr. I(wang Yu, Princeton University; 
Mr. P. E. Zadunaisky, Princeton University; 
Dr. \V. L. Zlot, City College of New York. 
Mr. P. D. Hill has been elected to nlembership as a nominee of 
Alabama Polytechnic Institute. 
The Secretary announced that the following had been admitted to 
the Society in accordance with reciprocity agreements with various 
mathematical organizations: Deutsche Mathematiker- Vereinigung: 
Professor H. H. Schaefer; Dr. H. G. Tillman, Indian Mathematical 
Society: Professor K. M. Saksena; Polskie Towarzystwo l\Iate- 
matyczne: 1\1rs. Irena Zygmund; Société l\tlathématique de France: 
Professor Marcel Decuyper, Miss Tan-Hoang Pham, Professor 
A. J. V. Sade; Svenska lVlathematiker Samfundet: Mr. K. O. Deger- 
sted t; vViskundig Genootschap te Amsterdam: Professor P. J. van 
Albada; London Mathematical Society: Dr. S. K. Basu. 
The following Presidential appointments \vere reported: as a Pro- 
gram Committee for a Summer Seminar in A pPlied AI athematics in 
1959: K. O. Friedrichs, Chairman, Mark Kac, 1. E. Segal; as an 
Invitations Committee for a Symposium on Nuclear Reactor Theory 
to be held in the Spring of 1959: E. Wigner, Chairman, H. L. Gara- 
bedian, J. E. Wilkins, S. M. Vlam, Garrett Birkhoff; to the Organizing 
Cornrnittee for Summer Institutes for a three year period beginning 
July 1, 1958: B. J. Pettis; to the Committee on Translations from Rus- 
sian and other Foreign Languages for a three year period beginning 
July 1, 1958: E. R. Kolchin, Edwin Hewitt; as an Arrangements 
Committee for the rneeting of the Society in Durham, North Carolina in 
November, 1958: F. G. Dressel, Chairman, L. R. Bragg, R. 1\1. 
McLeod, J. H.. Shoenfield, Seth Warner, Gerald Huff. 
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The Secretary reported that the following persons have accepted 
invitations to deliver hour addresses to the Society: J ürgen J\1oser 
and O. M. NikodYlu, at the Sun1mer l\Ieeting in Calnbridge; Arnold 
Shapiro, at Princeton University, October 25, 1958; Roger C. Lyn- 
don, at Evanston, Illinois, 1\ ovember 28, 1958; G. D. l\losto\v, at the 
Annual 
"leetillg in Philadelphia in January, 1959; J. F. ?\ash, at 
Columbia University, February 28, 1959; J un-ichi Igusa and J. \\". 
l\lilnor at the N"e\\y Yorker Hotel, April 23-25, 1959. 
The President has appointed Professor Harry Pollard to represent 
the Society at the Fiftieth Anniversary of \Villian1 Sn1Ïth College and 
Professor W al ter S. La\vton at the Golden Jubilee oÍ the American 
Institute of Chemical Engineers. 
The 1959 Annual ::\leeting was set in Chicago at the Conrad Hilton 
I-Iotel on January 25-30, 1960. The 1960 Summer :\Ieeting \vas set at 
l\Iichigan State University. 
Professors A. T. Brauer and A. D. vVallace were elected repre- 
sentatives of the Society on the Board of Editors of the Duke Mathe- 
matical Journal. Professors \i\Tilliam Feller and Irving Kaplansky 
,vere elected representatives of the Society in the Division of l\1athe- 
matical and Physical Sciences of the 
ational Research Council. 
The Council rccomluended that registration fees be charged at 
i\nnual as \yell as Summer l\lcetings. 
A Business l\Ieeting of the Society \\.as held at 10: 15 A.Yr. on \Ved- 
nesday, August 27, 1958 \\yith Vice President Garrett Birkhoff pre- 
siding. A resolution of thanks to lVlassachusetts Institute of Tech- 
nologyand Boston University for their hospitality, and to those \vho 
had made the local arrangements for the excellent accommodations 
supplied, \vas presented on behalf of the American Mathematical 
Society, the l\lathematical Association of America, the Society for 
Industrial and Applied Mathematics and the Institute of Mathemati- 
cal Statistics by Professor M. R. Hestenes and was unanimously 
adopted. 
The Secretary reported that the Council recommends that Article 
IX, Section 10 of the By-Ia\vs be repealed and that Article XI be 
amended as follows: 
To Section 1, the following sentence be added: 
"I t shall publish a news periodical kno\\rn as the Notices of the 
American Mathematical Society, containing programs of meetings, 
items of ne\vs of particular interest to mathematicians, and such other 
material as the Council may direct." 
Section 2 be amended to read: 
"The editorial management of the publications of the Society listed 
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in Section 1 of this article, \vith the exception of the No/ires, and the 
participations of the Society in the editorial nlanagenlent of the 
Al1lerican Journal of Alathematics be in charge of the respective Edi- 
torial COlnn1Íttees as provided in ./.'\rticle I I I, Section 2. rrhc editorial 
management of the Notices shall be in the hands of the Executive 
Director. " 
rrhese proposed changes in the By-la\\
s \vere unanimously passed 
by the Business 1-1eeting. 
The suggestion ,vas made from the floor that at future meetings, 
all the ten minute papers be scheduled at fixed times at 1S-minute 
intervals. The Secretary reported that the same suggestion has also 
recently been nlade by others and that it would be considered by the 
Council at the next meeting. 


J. \V. GREEN, 
Secretary 
R. D. SCHAFER, 
Associate Secretary 
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Introduction to Riemann surfaces. By George Springer. Reading, Ad- 
dison-Wesley, 1957. 8+307 pp. $9.50. 
Of all requests for bibliographical information made to the reviewer 
none have come as frequently as that for "a good modern introduc- 
tion to Riemann surfaces" from those not specialists in Function 
Theory. This request has been difficult to answer, for \vhile recent 
books of N evanlinna, Schiffer-Spencer and PH uger con tain in trod uc- 
tory material to a greater or lesser extent what has been needed is a 
book \vhich is avowedly a textbook on the subject. This is the need 
which the present book by Springer aims to fill. 
The subject in hand is \vithout doubt one of the hardest in which 
to write an effective text. The reason for this is the fact that, just as 
from the study of Riemann surfaces has developed a large part of 
modern l\lathematical endeavour, so now in order to present the 
theory in its proper context it is necessary to call on many branches 
of l\lathematics. The writer is faced at every step with difficult 
choices as to what to assume and what to develop from first prin- 
ciples. Let it be said at once that on the whole the author has done 
an excellent job. In a subject as well developed as the present it 
would indeed be hard to display much originality in the actual con- 
tent of the proofs and those familiar with the sources 'will recognize 
many of those given here. Nevertheless the author has built up the 
logical structure carefully, blended the proofs skillfully to provide 
good unity of style and for the most part has smoothed the passage 
from one concept to another with carefully thought out motivation. 
vVe \yill now describe the actual contents of the book. 
Chapter 1 consists of an introduction, for the most part heuristic, 
to the theory. Starting vlÍth the simplest notions of algebraic func- 
tions and their integrals and the associated Riemann surfaces, the 
author discusses some geometric-topological aspects of the latter. He 
then passes on to a discussion of fluid flows and potentials, first in 
the plane, then on differential-geometric surfaces. He exhibits the 
nature of the simplest singularities and connects them with mero- 
morphic functions. Finally he goes into somewhat more detail in the 
case of the torus. 
Chapter 2 contains an introduction to the simplest concepts of 
point set topology. There follows a discussion of (t\vo-dimensional) 
manifolds, including Prüfer's example of such not possessing a 
countable base. The chapter concludes \vith the introduction of the 
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concept of an (abstract) Riemann surface. 
Chapter 3, dealing with the Riemann surface of an analytic func- 
tion, contains much of the "
ork usually treated in a study of analytic 
continuation. 
Chapter 4 discusses covering n1anifolds '.vith special emphasis on 
the universal covering manifold, hOlTIOtOpy, the fundamental group, 
simple connectivity and covering transformations. 
Chapter 5 contains a treatment of combinatorial topology in the 
special case of a triangulable manifold (surface) with a special dis- 
cussion of orientability. The normal forms of compact orientable sur- 
faces are given. The homology groups (integer coefficients) are defined 
and their topological invariance proved in this special case. This is 
trivial except for dimension one where it is proved by showing iso- 
morphism with the abelianized fundamental group. Finally the 
homology properties of compact surfaces are given. 
Chapter 6 deals with first and second order differentials and their 
integrals. Use is made of partitions of unity. Stokes' theorem is proved 
and the exterior differential notation introduced. I-Iarn1.onic and 
analytic differentials are defined and some simple consequences 
drawn. 
Chapter 7 provides a brief introduction to Hilbert space. It is 
shown that the first order differentials form a Hilbert space in a 
natural manner. A discussion of smoothing operators leads up to a 
proof of \;Veyl's lemma and the derivation of various decompositions 
for differentials. 
In Chapter 8 is proved the existence of various harmonic and 
analytic differentials with specified singularities on Riemann surfaces 
(some of them applying only in the compact case). It is sho\vn that 
every Riemann surface has a countable base. 
Chapter 9 begins with Koebe's proof of the existence of a conformal 
mapping of a schlichtartig Riemann surface onto a plane domain. 
This is follo\ved by its application to the conformal mapping of the 
universal covering surface of a Riemann surface onto a surface of 
one of the three canonical types. This leads to a discussion of au to- 
morphic functions, the corresponding discontinuous groups and their 
fundamental regions. It is proved that every Riemann surface is tri- 
angulable. Then the group of self-conformal mappings of a Riemann 
surface is studied brieRy and those surfaces for \vhich this group is 
not discontinuous enumerated. 
Finally in Chapter 10 we find the classical theory for functions 
and differentials on a closed Riemann surface. The standard topics 
are presented: the linear space of regular differentials, Riemann's 
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bilinear relations, nonnalized differentials of the first, second and 
third kinds, divisors, the Riemann-Roch theorem, the Weierstrass 
gap theorem, \\Teierstrass points, Abel's theorem, the Jacobi inversion 
problen1. I t is sho,vn that the meroInorphic functions on a compact 
surface forn1 an algebraic function field. l'he hyperelliptic case is dis- 
cussed in detail as an example. 
The instructor employing this book \,"ill naturally be led to specu- 
late on the author's choice of basic material from other fields. \Vhat 
is required in addition to a standard rigorous course in complex vari- 
able comprises results from group theory, Lebesgùe integration the- 
ory, point set topology, combinatorial topology and Hilbert space. 
The author chooses to presuppose the first two and develop the latter 
three from first principles. A good case can be made for these choices. 
In the treatment of combinatorial topology it is possible to ,vork \vith 
a very simple special case. The an10unt of I-Iilbert space theory is so 
small that its oInission \vould save little space at a considerable loss 
of elegance. On the other hand the group theory employed will most 
likely be kno"Tn to all students on the level at which this book will be 
used. Ho,vever there seems to be no reason to assume that by and 
large such students will kno\v Lebesgue integration theory rather 
than the elements of point set topology. Of course a detailed treat- 
Il1ent of the necessary results from the former ,vould require much 
more space than that devoted by the author to the latter. A case 
could be Inade, though, for just giving a brief summary of the con- 
cepts and results borro\ved from both these topics. 
The omission of certain material on a more sophisticated level 
seems regrettable to the revie'wer. The classical theorem of Brill and 
Noether is relegated to an exercise (where an unfortunate misprint 
occurs in its statement). To be sure this result is easily derived but 
this means also that it \vould cost little to make a bow to tradition 
here. A more serious deficiency is the fact that the important concept 
of the double of a finite Riemann surface with boundary appears 
only in t,vo problems. Despite the importance and usefulness of this 
notion the reviewer knows of no readily accessible detailed expository 
treatment of it and one would have been welcome. With the author 
going as far as he does in developing the Koebe slit mapping for 
schlichtartig surfaces it \"ould have required little additional effort 
to develop some further properties of the Ininimal slit mapping. 
Finally no mention at all is made of quadratic differentials \vhich 
playa key role in the most sophisticated geon1etrical developments 
in Function 1'heory. It \vould have been a sinlple matter to give a 
short account of the basic algebraic results for them as ,vas done by 
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l-Iensel and Landsberg even at a time \vhen they represented only a 
formal generalization. 
As in any book ,vritten by mortal man there are a nUlnber of rough 
places. Although the revie\ver did not read every proof in detail he 
observed the following. No attempt is made to motivate the use of a 
definition of "schlichtartig" not quite the usual one. The definition 
of the mapping h in the middle of p. 136 is either confused or confus- 
ing. Not sufficient discussion is given of the distinctions bet\veen the 
various decompositions of differentials in Chapter 7. On p. 237 it is 
not made clear ,vhat is meant by "adjacent sides". However without 
greater precision the last two sentences in the paragraph following 
Theorem 9-12 are questionable. Consider the modular group. On 
p. 268 there seems to be slight verbal confusion between divisors 
,vhich are integral and those equivalent to an integral divisor. There 
is little attempt made to motivate the Jacobi inversion problem. 
Also in its discussion we find on p. 281 PI, . . . , P n specified as dis- 
tinct points but at the top of p. 284 the conclusions are applied with- 
out further ado to the specialization PI . . . Po = Pg. On p. 295 in the 
proof that a certain surface is not hyperelliptic it should be observed 
that the po\vers of z do not form a subfield (it should be the rational 
functions of z). lVIost of these points are comparatively rninor and 
easily rectified but might distract the conscientious student. Finally 
a small number of misprints, pure and simple, were observed. 
JAMES A. JENKINS 
Teoria miary i calki Lebesgue'a. (Polish). By S. Hartman and J. 
lV1ikusinski. Panstwo\ve Wydawnictwo N aukowe, Warszawa, 1957. 
140 pp. zl. 10. 
This book is a short textbook on the theory of measure and of the 
Lebesgue integral, containing the classical material of the subject 
which corresponds to the requirements of the curriculum in Polish 
universities. 
The main purpose of the book is to present that part of measure 
theory ,vhich has shown itself to be most useful in its applications in 
other fields such as the theory of probability and theoretical physics. 
There are t,velve chapters in the book. 1. Introductory concepts; 
2. Lebesgue's measure of linear sets; 3. Measurable functions; 4. The 
Lebesgue definite integral; 5. Convergence in measure; 6. Integration 
and differentiation. Functions of bounded variation; 7. Absolutely 
continuous functions; 8. Lp spaces; 9. Orthogonal expansions; 
10. l\'Ieasure ill plane and in space; 11. Multiple integrals; 12. The 
Stieltjes integral. 
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The Inaterial has been carefully planned and developed in a clear 
and simple style, and the proofs are complete, neat and compact. 
The introduction of the Lebesgue measure is based on the method 
of 1\1. Riesz (Ann. Soc. Pol. l\1ath. vol. 25 (1952)). The authors' 
aim is to present the theory in a form suitable for a person having 
the kno\vledge of elementary calculus \vithout hov\Tever \veakening 
the theorems. This is excellently carried out by the clear exposition, 
explanations and a thorough treatment of the chosen material. There 
are no problems in the book. 
I n the opinion of the revie'wer this book is an exceptionally good one 
and most suitable as a textbook for courses in which the concepts of 
the Lebesgue measure and integral are essential. 


STANISLA\V LEJA 


Kontinuierliche Geometrien. By Fumitomo l\laeda. Trans. from the 
Japanese by Sibylla Crampe, Gunter Pickert and Rudolf Schauffler. 
Springer-Verlag, Berlin, 1958. 10+244 pp. DM 36. Bound Dl\1 39. 
Continuous geometries are a generalization of the finite dimen- 
sional projective geometries to the non-finite dimensional case, as 
Hilbert and Banach spaces are a generalization of the finite dimen- 
sional (l\1inko\vski) vector spaces. 
I t is no,v 23 years since John von Neumann first discovered con- 
tinuous geometry. As a result of his work on rings of operators in 
Hilbert space (partly in collaboration with F. J. Murray), von Neu- 
mann found that certain families of closed linear subspaces of Hilbert 
space had intersection (i.e., incidence) properties very much like 
the intersection properties possessed by the set of all linear subspaces 
of a finite dimensional projective geometry. Profiting by the previous 
work of Dedekind, G. Birkhoff, Ore and l\1enger in the field no\v 
called lattice theory, von Neumann gave a set of axioms to describe 
such families of subspaces of Hilbert space (and certain abstractions 
of these, which he called continuous geometries) as complete lattices 
in \vhich every element possesses at least one complement, and \vhich 
satisfy a \veak distributivity condition (first formulated by Dede- 
kind, and called no\v the modular axiom). Von Neumann, at first, 
required the lattice to be also irreducible and to satisfy certain con- 
tinuity conditions on the lattice operations. 
Von NeU111ann'S first deep result was the construction of a dimen- 
sion function D(a), defined for each element a in the geometry, \vith 
o < D(a) < 1 for all a, and satisfying the usual condition: D(aUb) 
+D(ar\b) =D(a) +D(b). For this purpose von Neumann assumed 
both irreducibility and the continuity conditions. He formulated the 
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lattice-abstraction of the notion: for t\VO elements in the geometry to 
be perspective, and used the relation "to be perspective" as a method 
of defining equidimensionality. By a new and delicate analysis, he 
sho,ved that the technique he had previously used, in his papers on 
Haar measure and dimension theory for rings of opera tors, could be 
no-w applied to the case of abstract continuous geometries, and 
yielded the desired dimension function. 
\Vhile lecturing at Princeton during 1936-1937 von Neumann 
made a 'v hole series of brilliant discoveries in connection \vith his 
new geometries. He dropped the irreducibility axiom (\vhich meant 
that the centre of the lattice would be non-trivial) and gave a power- 
ful analysis of the centre in this case. This permitted him to construct 
a dil11ension function even in the non-irreducible case but no\v the 
dimension function was vector-valued. 
The next result, undoubtedly the deepest and the most exciting of 
all, was his coordinatization theorem. In the theory of projective 
geometry, the 'work of many mathematicians, including von Staudt, 
Hessenberg, Hilbert, Veblen and Young, had produced the now class- 
ical result that every projective geometry satisfying Desargues' 
Theorem (in particular, having dimension more than two) could be 
coordinatized, using homogeneous coordinates for the points of the 
geometry. Von Neumann expressed this classical theorem in two 
slightly different forms (each of which was more suitable for the 
generalization he ,vas about to establish) as follows: let (R denote a 
division ring, let (R(n) denote the right module of all vectors x 
= (Xl, . . . , x n ) with all Xi in (R, and let (Rn denote the ring of all 
matrices x = (Xij; i, j = 1, . . . , n); then, for each n -1 dimensional 
projective geometry (satisfying Desargues' Theorem), there exists a 
suitable division ring (R such that the class of all the linear subspaces 
of the given geometry, partially ordered by inclusion, can be put in 
lattice isomorphism ,vith the class of all the right submodules of 
(R(n), and can also be put in lattice isomorphism with the class of all 
the right ideals of Rn. Then von Neumann gave a point-free, purely 
lattice theoretic discussion, which applies to any complernented mod- 
ular lattice (of dimension not too lo,v) and \vhich generalizes the 
projective geometry coordinatization theorem in a remarkable way. 
The division ring had now to be replaced by a more general type of 
ring, \vhich von K eumann defined and ,vhich he called a regular ring; 
then, in the statement of the theorem, right submodule had to be 
replaced by right submodule of finite span and right ideal had to be 
replaced by principal right ideal. The notion of dimensionality ,vas 
replaced by the notion of' a homogeneous basis of order 'it and the 
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th
orem \\as established under the asslllnplion that the order n ex- 
ceeds three (this, for projective geometry, means that the dimension 
exceeds t\yo). 
These two results, i.e., the dilllcnsion theory and the coordinatiza- 
tion theory, \\'ere \vritten up in lecture notes distributed at Princeton 
in 1935-1937. Though the notes \\ erc by no meJns in the final forB1 that 
yon Neumann intended, yet they ,vere detailed and, except for a fe,,' 
rather minor slips, rigorous (the discussion of the dilnension theory 
for the non-irreducible case is not con1pleted in the Princeton notes, 
\yhich break off almost in the nliddle of a statement). 
After lecturing before the Anlerican l\lathematical Society in 1937 
Oil these and other results, and after publishing five articles in the 
Proceedings of the 1\ ational Academy giving abstracts of his \york, 
von Neumann proposed to \\Tite a book on Continuous Geometry to 
appear in the ColIoquiulll series of the American lVlathematical Soci- 
ety. But his \\Tork in the theory of games, other interests, and the \var, 
intervened. As the years went by, he finally decided that the Prince- 
ton notes, at least, should be reproduced by the Princeton University 
Press. Even this did not happen before his death. 
The book under review first appeared in Japanese in 1950 or 1951. 
It now appears, with a few inlprovements but apparently no drastic 
changes, in German. The translators, S. Crampe, Gunter Pickert and 
Rudolf Schauffier, have done their ,vork in superb fashion; in vie,v 
of the unusually involved mathematical theory along with the lin- 
guistic difficulties, they may \vell be proud of their achievenlent. The 
printing is clear, almost conlpletely free of error, and the notation 
and general style are excellent. As for the Inaterial presented by the 
author, this is dominated by those parts which are an exposition of 
the notes of yon Neunlann (with minor changes from time to time). 
The book is divided into 12 chapters and t\VO appendices, as follows: 
Chapter One is devoted to lattice theory in general, Chapter T\vo to 
modular lattices, Chapter Three to projective spaces, Chapter Four 
to certain fundamental properties of continuous complemented mod- 
ular lattices, and Chapter Five to the dimension theory for such 
lattices. Some repetition in the yon N" eumann notes is avoided, some 
shortening of the proof is obtained by repeating an argument of von 

 eumann and the reviewer, and the completion of the dimension 
theory (which did not get included in von Neumann's notes, as men- 
tioned above) follo\vs an article of 'T. I \vamura. A more general di- 
mension theory due to the revie,ver (associated still with perspectiv- 
ity) is mentioned in a footnote but no n1ention is made of the second 
paper by T. I wamura \vhich began an abstraction of the din1ension 
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theory (later expanded in the \vork of L. Loomis and S. l\'laeda, son 
of the author, to more general lattices). 
The next six chapters are devoted to regular rings and the co- 
ordinatization theorem. Chapter Six gives various equivalent ways 
of defining a regular ring (e.g., for each x in the ring there is an ele- 
ment y in the ring such that xyx =x). The author follows von Neu- 
mann's notes closely, requires the ring to possess a unit element and 
gives von Neumann's proof that if ffi is a regular ring with unit then 
its principal right ideals under inclusion form a complemented modu- 
lar lattice (more recent articles, for instance by K. D. Fryer and the 
review-er, show that in every regular ring the principal right ideals 
form a relatively complelnented modular lattice). Chapter Seven is 
devoted to continuous regular rings and their rank functions; this 
chapter also presents material mostly frolll von Neumann's notes but 
adds some detail on the explicit representation of reducible regular 
rings as subdirect products of irreducible ones. This chapter is not 
required for the coordinatization theorem, which is covered in Chap- 
ters Eight, Nine, Ten and Eleven. There, son1e important variations 
frolu the notes of von Neumann are attributed to Kodaira and 
Furuya, \vho published three articles on Continuous Geometry in 
1938, in Japanese (apparently unavailable no\v). Kodaira and Furuya 
\vrote in such a \vay as to avoid one of two slips in the notes of von 
Neumann (both slips are corrected in the book under revie\v). 'These 
slips \vere pointed out explicitly much later by H. Löwig to von 
Neumann, who acknowledged the slips but commented that in \vrit- 
ing the notes he had chosen hurriedly frol11 various alternative proofs 
\vhich he had found, so that these sli ps could be easily remedied by 
him. In fact, a very long, involved and invalid proof of Theorem 13.1 
in Part I I of the notes (replaced by a shorter three page proof by Ko- 
daira and Furuya, Satz 3.7 in the book under review) can be included 
in a much more general theorem which can be proved in a few lines, 
as foIlo\vs: Theorem (found by von Neumann and the reviewer in 
1937). Let x be an element in a relatively complemented modular 
lattice and suppose a < b; then there exists a relative complement y 
of a in b such that x = (xUy)r\(xUa). To prove this, let Xl =xr\a; let 
X2 be a relative complement of xr\a in xr\b; let X3 be a relative com- 
plement of xr\b in x; let YI be a relative complement of ar\x in a; let 
Y2 be a relative con1plement of aUx2 in b. Then Xl, X2, X3, Yb Y2 are 
independent and it suffices to choose y=X2UY2. 
The last chapter discusses complemented n10dular lattices \vhich 
possess an orthocon1plelnentation and regular rings which possess 
an involutoric anti-automorphism and the relation between these 
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two systems. Along \vith the theory given by von Neumann, the 
author gives his generalization of the theorem of G. Birkhoff and von 
Neumann, proved by those authors for the finite dimensional (pro- 
jective) geometries. 
The first appendix sho\vs the equivalence of the axiom of choice, 
the well-ordering theorem, and Zorn's Lemma; the second appendix 
gives various ways (all equivalent) to define continuity of the lattice 
operations in a complemented modular lattice (some of these ways 
are more convenient for repeated use in proofs than others). 
There is a footnote reference to the remarkable discovery of 
1. I{aplansky that every complete complemented modular lattice 
\vhich is orthocomplemented is necessarily continuous but there is no 
other reference to work done in the field of continuous geometry after 
1951. 


ISRAEL HALPERIN 


Théorie des ense1nbles (Chapter III). By N. Bourbaki. Actualités 
Scientifiques et Industrielles, no. 1243, Paris, Hermann, 1956. 118 
pp. 1500 fr. 
This third chapter of Bourbaki's set theory is entitled Ense1nbles 
ordonnés. Cardinaux. N01nbres entiers. The text deals in the Bourbaki 
fashion with those elementary parts of these subjects that are needed 
in the later books of the Bourbaki treatise, and is divided into six 
sections: 1. Order relations, ordered sets; 2. Well-ordered sets (includ- 
ing transfinite induction and the well-ordering theorem); 3. Equiva- 
lent sets, cardinals (including Cantor's theorem that 2 a > a); 4. Finite 
cardinals, finite sets (including mathematical induction); 5. Opera- 
tions with integers (including combinatorial analysis); 6. Infinite sets 
(including the theorem that a 2 = a if a is infinite). 
About 35 of the 118 pages of the book consist of exercises, to which 
are relegated such important notions as order types, ordinal numbers, 
alephs, initial as well as regular, singular, indecomposable, and in- 
accessible ordinals, cf(a) (but not with the notation employed in 
the literature), and such a fundamental theorem as König's theorem 
(with no mention of König). 
A student interested in learning set theory is likely to get more in- 
sight and inspiration from the classical texts on the subject; a working 
set-theorist will find H. Bachmann's Transfinite Zahlen more compre- 
hensive, systematic, and a guide to the literature. 


F. BAGEMIHL 
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An introduction to algebraic topology. By Andre\v H. Wallace. New 
York, Pergamon Press, 1957. 7+198 pp. $6.50. 
This book is an introduction to basic general topology, the funda- 
mental group, and the homology groups. Aside from the choice of 
material (which is excellent), and the care devoted to the logical 
development (which is mostly very good), the outstanding feature is 
the extraordinary amount of motivation supplied. In this respect the 
treatment of the following topics is especially notable: continuity and 
neighborhoods, open sets and interior points, topology, induced on 
a subspace, Hausdorff space, frontier of a set, topological properties, 
compactness, connectedness, homotopy and homology, barycentric 
subdivision, excision. Furthermore the author has supplied mental 
images to an extent that is rare nowadays (for example, see pp. 81- 
82). The style is unfashionably leisurely; this is just right for a be- 
ginner, but might induce impatience in more advanced readers. The 
numerous exercises explicate and supplement the text, and are mostly 
not very challenging. 
The homology theory that is presented is the singular theory 
(Chapters V-VIII), and calculation of the homology groups of sil11pli- 
cial complexes is deferred to Chapter IX in order to make use of the 
results of Chapters VI-VIII on induced homomorphism, barycentric 
subdivision, excision and homology sequence. This is in accordance 
with modern theory and is probably the most satisfactory method, 
although it has the unfortunate result that the apprentice topologist 
must wait patiently from p. 112 till p. 193 (the last page) to find out 
how to calculate any but the most trivial homology groups. (1'he 
last exercise in the book is to calculate the I-st homology group of 
the torus.) 
A similar situation exists with respect to the fundamental group. 
I t is defined on p. 83, but the proof that the fundamental group of a 
circle is infinite cyclic is not completed till p. 161 (and consequently 
no nontrivial fundamental group can be calculated till then). The 
reason for this is that homology theory is used in the proof that the 
author uses. The reviewer prefers to make the proof of this important 
theorem independent of homology theory; this is usually done by 
referring to the theory of covering spaces, a theory which the author 
might well have developed, but can also be done quite simply by 
using the exponential map without explicit reference to covering 
space theory. 
In defining the fundamental group, multiplication is defined only 
for closed paths (p. 75). The revie\ver prefers to introduce the funda- 
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mental groupoid in order to have multiplication of paths available 
even ,vhen the paths are not closed. Although the author essentially 
does this in the exercises, he fails to l1lake any use of it; for example 
he misses the possibility of shortening the proof of Theorem 21. 
In the section on algebraic prerequisites, pp. 3-6, the author has 
been surprisingly careless. First of all his discussion of free groups, 
generators and relations is right out of the nineteenth century. That 
is, a free group is defined to be one that has no relations, and a rela- 
tion is defined to be a product of generators and their inverses that is 
equal to 1; this completely ignores the fact that there is no domain 
where such a product makes sense until the free group has been intro- 
duced. Of course it is true that this "cart before the horse" procedure 
will bother only the more perceptive students, and it is much shorter 
than a correct explanation, but the author should at least have indi- 
cated to the reader that this is a slightly bowdlerized version. Sec- 
ondly he defines finite generation, cosets and quotient groups only 
for abelian groups. It is difficult to see ,vhy this ,vas done, since no 
space is saved thereby. Furthermore it is misleading by implication, 
and would seem to make it more or less impossible to do anything 
with the fundamental group (
'hich is only rarely abelian). For exam- 
ple it is sho\vn on pp. 160-161 that 'Tr(E) is mapped onto HI(E) with 
the commutator subgroup as kernel; apparently the reader is not to 
be allowed to conclude that lll(E) is iso1110rphic to the commutator 
quotient group of 7r(E). Finally, the statement on p. 4, 1. 8*-5* is 
false, as was shown by the reviewer in Annals of !\1athematics vol. 49 
(1948) pp. 497-498. 
Although the notation has been generally well thought out, the 
author has been so unfortunate as to succumb to the current fad of 
writing g 0 j for the composition gf and to the monstrosity 
-1 
j 


for the inverse ofj. On p. 75 the product of t,vo (closed) paths,! and g, 
is defined and denoted fg. I t would have been better to have 
Tritten 
this fog or f' g to avoid confusion with composition (and this confu- 
sion \vould be very real if the paths under consideration v/ere paths 
in the unit interval I). 
In spite of these n1Ïnor defects this ,,'ould be an excellent book for 
a course for advanced undergraduates, or even for beginning graduate 
students. I t is especially suitable for independent reading; there is no 
bettcr book to put into the hands of a student \vho \vants to start 
learning topology for hill1seif. 


R. H. Fox 
Princeton University j 
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BRIEF l\lENTION 
.A n introductiou to probability theory and its applications. \1 0 1. 1. 2d 
ed. By \V. Feller. Ne\v York, '\Tiley, 1957. 15+461 pp. $10.75. 
The first edition was revie,,-ed in this Bulletin, vol. 57 (1951) p. 
156. The present edition retains the same general plan and spirit as 
the first, but changes appear on almost every page. l\:Iany ne\v exam- 
ples and exercises have been added, references have been brought up 
to date, statements and proofs clarified or simplified, and there are 
many rearrangen1ents. A ne\v chapter treating fluctuations in coin 
tossing and the arc sine la\v by elementary combinatorial methods 
has been added early in the book. The total length of the book has 
been increased by about 40 pages. 


Algebraic geollzetry and topology. A symposium in honor of S. Lef- 
schetz. Ed. by R. H. Fox, D. C. Spencer, and A. \V. Tucker. 
Princeton University Press, 1957. 8+399 pp. $7.50. 
This volume includes appreciations of the \vork of Lefschetz by 
\V. V. D. Hodge and N. E. Steenrod, a bibliography of his publica- 
tions, and twenty-three research papers, most of which reflect cur- 
rent outgro\vths of Lefschetz's \vork, by A. Andreotti, E. Calabi, 
I-J. Cartan, S. S. Chern, 'V. L. C'ho\v, G. F. D. Duff, K. Kodaira and 
D. C. Spencer, 1'1. Rosenlicht, F. Severi, E. Snapper, A. \Veil, O. 
Zariski, J. Adem, C. H. Dowker, R. H. Fox, F. B. Fuller, H. Hopf, 
J. l\Iilnor, P. A. Sn1Ïth, E. H. Spanier and J. H. C. vVhitehead, 1-1. 
Uehara and \\T. S. l\'Iassey, R. L. \\Tilder, and S. \Vylic. 


Linear algebras. Publication 502, National Acaderny of Sciences, 
K ational Research Council, \Yashington, 1957. 5 +60 pp. $1.50 
(paperbound). 
Report of a confcrence held at l{am's head Inn on Shelter Island, 
Long Island, t\. Y., in June 1956, including short papers by I. 
Kaplansky, R. Brauer, K. Jacobson, E. Kleinfeld, G. B. Seligman, 
R. Baer, and D. Buchsbaum. 


Topologie. Vol. 1. By C. l{uratowski. 4th ed. \Varsza\va, Panst\vo\ve 
\Vyda\vnicn\'o Kauko\ve, 1958. 13 +494 pp. 
This ne\v edition of I{urato\vski's fan10us treatise is essentially 
the same as the 2nd and 3rd editions except for the in1portant addi- 
tion of a 42 page appendix, \vhich gives a concise and self-contained 
account of certain notions and theorelns that \vcre omitted from the 
earlier editions. These include uncountable Cartesian products, com- 
pletely regular spaces, Tychonoff's theorem, properties of bicompact 
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spaces, Stone-Cech bicompactification, the Stone representation theo- 
rem for Boolean algebras (here called Boolean rings, although re- 
quired to contain a unit element), locally finite families, the Smirnoff 
metrization theorem, uniform spaces, proximity spaces, and almost 
metric spaces. In addition there are short notes by A. Mosto\vski 
outlining applications of topology to mathematical logic, and by 
R. Sikorski on applications of topology to functional analysis. These 
t\VO notes do not include proofs but furnish a guide to certain recent 
literature. 


I-Iypothèse du continuo By W. Sierpi:6.ski. 2d ed. New York, Chelsea, 
1956. 17 +274 pp. $4.95. 
This is a photographic reprint of the original edition of 1934, re- 
vie.wed in this Bulletin, vol. 42 (1936) p. 301. An appendix has been 
added, consisting of reprints of sixteen papers by the author dealing 
\vith the subject, published subsequently in various journals. 


Set theory. By F. Hausdorff. Trans. by John R. Aumann et al. N e\v 
York, Chelsea, 1957. 352 pp. $6.00. 
This is a translation into English froln the third (1937) edition of 
Hausdorff's ],1 engenlehre. 


Probability, statistics and truth. By R. von Mises. 2d rev. English ed. 
prepared by Hilda Geiringer. New York, Macmillan, 1957.14+244 
pp. $5.00. 
This is a translation of the third Gennan edition, of 1951. 


Topological groups. By L. Pontrjagin. 5th printing. Princeton Uni- 
versity Press, 1958. 9+299 pp. $2.75 (paperback). 
This is a paperback reprint of the original edition of 1939, reviewed 
in this Bulletin vol. 46, p. 382. 



REPRESENTATIVES AND COMMITTEES 
OF THE SOCIETY 


Representatives of the Society in the Division of Mathematics of the 
National Research Council 


1957-1958-C. B. Allendoerfer, K. O. Friedrichs, S. C. Kleene, D. H. Lehmer, N. H. 
McCoy, N. E. Steenrod 
1958-1959-C. B. Allendoerfer, K. O. Friedrichs, P. R. Halmos, 1\'1. H. Heins, N. H. 
1\'1cCoy, C. B. Morrey 
1959-1960-William Feller, K. O. Friedrichs, P. R. Halmos, Irving Kaplansky, 
N. H. 1\'1cCoy, C. B. Morrey 
Representatives on the Council of the American Association for the 
Advancement of Science 


1958-1959-\V. L. Duren, G. A. Hedlund 
Representatives on the Board of Editors of the Annals of Mathematics 
1958-1960-L. V. Ahlfors, A.1\1. Gleason, J. L. Kelley 
Representatives on the Editorial Board of the Duke Mathematical Journal 
1956-1958-R. H. Fox, I. E. Segal 
Representative on U. S. National Committee on Theoretical and Applied Mechanics 
1957-1960-\Villiam Prager 


1896-J ames Pierpont 
Maxime Bôcher 
1898-\V. F. Osgood 
A. G. \Vebster 
1901-Gskar Bolza 
E. W. Brown 
1903-H. S. \Vhite 
F. S. \\tT oods 
E. B. Van Vleck 
1906-E. H. Moore 
E. J. \Vi1czynski 
Max Mason 
1909-G. A. Bliss 
Edward I{asner 
1913-L. E. Dickson 
. W. F. Osgood 
1916-G. C. Evans 
Oswald Veblen 


Colloquium Lecturers 
1920-G. D. Birkhoff 
F. R.Moulton 
1925-L. P. Eisenhart 
Dunham Jackson 
1927-E. T. Bell 
Anna Pell- Wheeler 
1928-A. B. Coble 
1929-R. L. Moore 
1930-Solomon Lefschetz 
1931-Marston Morse 
1932-J. F. Ritt 
1934-R. E. A. C. Paley 
Norbert \Viener 
1935-H. S. Vandiver 
1936-E. \V. Chittenden 
1937-John vonNeumann 
1939-A. A. Albert 
M. H. Stone 


1940-G. T. Whyburn 
1941-0ystein Ore 
1942-R. L. \Vilàer 
1943-E. J. McShane 
1944-Einar Hille 
1945-Tibor Radó 
1946-Hassler \Vhitney 
1947-0scar Zariski 
1948-Richard Brauer 
1949-G. A. Hedlund 
1951-Deane 1\'1ontgomery 
1952-Alfred Tarski 
1953-Antoni Zygmund 
1954-None 
1955-Nathan Jacobson 
1956-Salomon Bochner 
1957-N. E. Steenrod 
1958-None 


Committee to Select Gibbs Lecturers for 1958 and 1959 
Lipman Bers, Wilfred Kaplan, S. M. Ulam (Chairman) 
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1923-1\1. I. Pupin 
1924- Robert Henderson 
1925-James Pierpont 
1926-H. B. \Villiams 
1927-E. \V. Brown 
1928-G. H. Hardy 
1929-Irving Fisher 
1930-E. B. \\ïlson 
1931-P. W. Bridgman 
1932-R. C. Tolman 
1934-Albert Einstein 


Gibbs Lecturers 
1935-Vannevar Bush 
1936-H. N. Russell 
1937-C. A. Kraus 
1939- Theodore yon 
Kármán 
1941-Sewall Wright 
1943-Harry Bateman 
1944- John von Neumann 
1945- J. C. Slater 
1946-Subrahmanyan 
Chandrasekhar 


1947-P. 1\1. l\lorse 
1948-Hermann \Vcyl 
1949-
orbert \\ïencr 
1950-G. E. Uhlenbeck 
1951-Kurt Gödel 
1952-l\1arston :\10rse 
1953-\Yassily Leontief 
1954-K. O. Friedrichs 
1955-J. E. l\fayer 
1956-1\1. H. Stone 
1958-H. J. 1\luller 


Visiting Lecturers 
1927-1928-Constantin Carathéodory, University of l\Iunich 
1928-1929-Hermann \Yeyl, Zurich Technical School 
1929-1930-Enrico Bompiani, University of Rome 
1930-1931-\Yilhelm Blaschke, Fniyersity of Hamburg 
1931-1932-R. L. l\Ioore, University of Texas 
1936-1937- Thirukkannapuram \ïjayaraghavan, University of Dacca 
1948-1949-Casimir Kuratowski, University of \Yarsaw 
1951-1952-l\larshall H. Stone, University of Chicago 


Committees to Select Hour Speakers 
For Summer and Annual1\Ieetings: J. \V. Green, Chairman, Einar Hille, R. L. \Vilder 
For Eastern SectionallVleetings: R. D. Schafer, Chairman, \Varren Ambrose, D. C. 
Spencer 
For Southeastern Section l\Ieetings: G. B. Huff, Chairman, O. G. Harrold, A. D. 
\Vallace 
For \Yestern Sectional :\Icetings: J. \\7. T. Youngs, Chairman, Raoul Bott, R. C. Buck 
For Far \Vestern SectionallVIeetings: V. L. Klee, Jr., Chairman, H. F. Bohnenblust, 
Charles Loewner 


Committee on Places of Meetings 
R. 1'1. Thrall, Chairman, G. R. l\1acLane, R. D. Schafer 


Conference Organization of the Mathematical Sciences 
Representatives of the American lVlathematical Society: Richard Brauer, J. \y. 
Green, E. J. McShane, Alternate 
Representatives of the lVlathematical Association of America: H. 1\1. Gehman, 
G. B. Price 
Representatives of the Association for Symbolic Logic: H. B. Curry, P. R. Halmos 
Representatives of the Institute of Mathematical Statistics: J. F. Daly, H. B. Mann 
Representatives of the National Council of Teachers of l\lathematics: H. F. Fehr. 
J. R. lVlayor 
Representative of the Society for Industrial and Applied l\lathematics: D. B. Hough- 
ton, T. II. Southard 
:\Icmbers-at-large: I. E. Block, \Y. H. Kuhn, _\. E. 
Ieder, Jr., l\Iarie S. \\ïlcox, R. L. 
\\ïlder, S. S. \Vilks 
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Committee on Applied Mathematics 
Garrett Birkhoff, Chairman, R. E. Bellman, R. S. Burington, ShizllO Kakutani, 
Brockway l\lcMillan, S. 1\1. elam 
Committee on Translations from Russian and other Foreign Languages 
J. V. \\Tehausen, Chairman, R. E. Bellman, Edwin Hewitt, E. R. Kolchin, Han
 
Samelson 


Organizing Comnlittee for Summer Institutes 
R. H. Bing, Chairman, H. S. 1\'1. Coxeter, A. !vI. Gleason, Marshall Hall, R. S. 
Phillips 


FORMER PRESIDENTS 


J. H. Van Amringe, 1889-1890 
Emory 1VlcClintock, 1891-1894 
G. W. Hill, 1895-1896 
Simon Newcomb, 1897-1898 
R. S. \Vood\vard, 1899-1900 
E. H. Moore, 1901-1902 
T. S. Fiske, 1903-1904 
\V. F. Osgood, 1905-1906 
H. S. \Vhite, 1907-1908 
:tvlaxime Bôcher, 1909-1910 
H. B. Fine, 1911-1912 
E. B. Van Vleck, 1913-1914 
E. \V. Brown, 1915-1916 
L. E. Dickson, 1917-1918 
Frank I\Iorley, 1919-1920 
G. A. Bliss, 1921-1922 
Oswald Veblen, 1923-1924 


G. D. Birkhoff, 1925-1926 
Virgil Snyder, 1927-1928 
E. R. Hedrick, 1929-1930 
L. P. Eisenhart, 1931-1932 
A. B. Coble, 1933-1934 
Solomon Lefschetz, 1935-1936 
R. L. lVl, oore 1937-1938 
G. C. Evans, 1939-1940 
Marston 1\'1orse, 1941-1942 
IvI. H. Stone, 1943-1944 
T. H. Hildebrandt, 1945-1946 
Einar Hille, 1947-1948 
J. L. \Valsh, 1949-1950 
John von Neumann, 1951-1952 
G. T. \Vhyburn, 1953-1954 
R. L. \\ïlder, 1955-1956 
Richard Brauer, 1957-1958 



ENDOWMENT FUND 


In 1923 an Endowment Fund was collected to meet the greater demands on the 
Society's publication program caused by the ever increasing number of important 
mathematical memoirs. Of this fund, which now amounts to some $94,000, a con- 
siderable proportion was contributed by members of the Society. Under the terms of 
the will of the late Robert Henderson, for many years a Trustee of the Society, the 
Society receives approximately $4,000 yearly. Upon the death of the other legatees, 
the Society will receive the entire principal of the estate for its Endowment Fund. 


SPECIAL FUNDS 
($500 or more) 


The Bôcher Memorial Prize 
This prize was founded in memory of Professor 
'1axime Bôcher. It is awarded 
every five years for a notable research memoir in analysis which has appeared during 
the preceding five years in a recognized journal published in the United States or 
Canada; the recipient must be a member of the Society, and not more than fifty 
years old at the time of publication of his memoir. 
First (Preliminary) Award, 1923: To G. D. Birkhoff, for his memoir Dynamical 
systems with two degrees of freedo'J1Z. 


Second Award, 1924: To E. T. Bell, for his memoir Arithmetical paraphrases, and 
to Solomon Lefschetz, for his memoir On certain numerical invariants with aPPlications 
to abelian varieties. 


Third Award, 1928: To. J. \V. Alexander, for his memoir Combinatorial analysis 
situs. 


Fourth Award, 1933: To l\Iarston l\lorse, for his memoir Thefoundations of a theory 
of the calculus of variations in the large in m-space, and to 
 orbert \Viener, for his mem- 
oir Tauberian theorems. 


Fifth Award, 1938: To John von Neumann, for his memoir Almost periodic func- 
tions and groups. 
Sixth Award, 1943: To Jesse Douglas, for his memoirs Green's functions and the 
problem of Plateau, The most general form of the problem of Plateau, and Solution of the 
inverse problem of the calculus of variations. 
Seventh Award, 1948: To A. C. Schaeffer and D. C. Spencer for their memoir 
Coefficients of schlicht functions. 
Eighth Award, 1953: To Norman Levinson for his contributions to the theory of 
linear, nonlinear, ordinary, and partial differential equations contained in his papers 
of recent years. 


The Frank Nelson Cole Prize in Algebra 
The Frank Nelson Cole Prize in the Theory of Numbers 


These prizes were founded in honor of Professor Frank Nelson Cole, on the occa- 
sion of his retirement as Secretary of the American 1Ylathematical Society and Editor 
of the Bulletin, after twenty-five years of service; the fund was later doubled by his 
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son, Charles A. Cole. They are awarded at five-year intervals for contributions to 
algebra and the theory of numbers, respectively, under restrictions similar to those 
for the Bôcher prize. 
First Award, 1928: To L. E. Dickson, for his book Algebra und ihre Zahlentlzeorie, 
Zurich, 1927. 


Second Award, 1931: H. S. Vandiver, for his several papers on Fermat's last 
theorem published in the Transactions of the American lVlathematical Society and the 
Annals of Mathematics during the last five years, with special reference to a paper 
entitled On Fermat's last theorem, which appeared in volume 31 of the Transactions. 
Third Award, 1939: To A. A. Albert, for his papers on the construction of Riemann 
matrices, published in volumes 35 and 36 of the Annals of l\lathematics. 
Fourth Award, 1941: To Claude Chevalley, for his paper entitled La théorie du 
corps de classes, published in volume 41 of the Annals of l\'1athematics. 
Fifth Award, 1944: To Oscar Zariski, for four papers on algebraic varieties, pub- 
lished in volumes 61 and 62 of the American Journal of 1\1athematics and volumes 40 
and 41 of the Annals of l\'lathematics. 


Sixth Award, 1946: To H. B. lVlann for his paper entitled A proof of the fundamental 
theorem on the density of sums of sets of positive integers, published in volume 43 of the 
Annals of Mathematics. 


Seventh Award, 1949: To Richard Brauer, for his memoir On Artin's L-series with 
general group characters, published in volume 48 of the Annals of l\lathematics. 
Eighth Award, 1951: To Paul Erdös, for his many papers in the Theory of Num- 
bers, and in particular for his paper On a new method in elementary number theory 
'which leads to an elementary proof of the prime number theorem" published in the Pro- 
ceedings of the National Academy, volume 35, pp. 374-385, July, 1949. 
Ninth Award, 1954: To Harish-Chandra, for his papers on representations of 
semisimple Lie algebras and groups, and particularly for his paper On some applica- 
tions of the universal enveloPing algebra of a semisimple Lie algebra, published in volume 
70 of the Transactions of the American 1\1athematical Society. 
Tenth Award, 1956: To John Tate, for his paper The Higher dimensional co- 
homology groups of class field theory, published in the Annals of l\lathematics, volume 
56, pp. 294-297, 1952. 
The Eliakim Hastings Moore Fund 
This fund was founded in 1922 in honor of Professor Eliakim Hastings 
loore, on 
the occasion of the twenty-fifth anniversary meetings of the Chicago Section of the 
American l\'lathematical Society. The income from the fund of $2,575 is to be used at 
the discretion of the Council of the Society, for the publication of important mathe- 
ma tical books or memoirs, or the a ward of prizes. 


The Marion Reilly Fund 
Dean l\'larion Reilly willed to the American Mathematical Society a portion of her 
estate to be used for the advancement of research in pure mathematics. The principal 
of this fund is $23,650. 
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The Ernest Wiiliam Brown Fund 
From the estate of Professor Ernest \\ï11iam Brown, a fund of $1,000 is available, 
the interest on which, at the discretion of the Council, can be used for the furtherance 
of such mathematical interests as (a) the publication of important mathematical 
books, memoirs, and periodicals, and (b) lectures to be delivered on special occasions 
by invited guests of the Society. 


The Robert Henderson Fund 


Upon his retirement from the Board of frustees on December 31, 1940, Dr. Robert 
Henderson presented to the Society an unrestricted gift of $1,000 which the Trustees 
have set aside as the l{obert .Henrlerson Fund. 


The James K. "\Vhittemore Fund 
From the estate of Professor James K. \Vhittemore, a fund of $1,000 is available 
for use in the interest of mathematical research. 


The Genevra B. Hutchinson Fund 
A fund of $1,000 from the estate of the late Genevra B. Hutchinson, in memory 
of her husband Professor J. 1. Hutchinson, for use, at the discretion of the Council 
and Trustees, in the advancement of mathematical research. 


The Helen A. Merrill Fund 
From the estate of the late Professor Helen A. "'\'1errill, a fund of $650 is available 
for use in the interest of mathematical research. 


Library Proceeds Fund 
A fund of $66,000 established by the Trustees in 1951 from the proceeds of the 
sale of the Society's Library. 



BY-LAWS OF THE 
AMERICAN 
1:ATHEMATICAL SOCIETY 
ARTICLE I 


Officers 
Section 1. There shall be a President, a President Elect (during the even-numbered 
years only), an Ex-president (during the odd-numbered years only), three Vice 
Presidents, a Secretary, four Associate Secretaries, and a Treasurer. 
Section 2. It shall be a duty of the President to deliver an address before the Soci- 
ety at the close of his term of office or within one year thereafter. 


ARTICLE II 


Board of Trustees 
Section 1. There shall be a Board of Trustees consisting of seven trustees, five 
trustees elected by the Society in accordance with Article VII, together with the 
President and Treasurer of the Society ex officio. The Board of Trustees shall desig- 
nate its own presiding officer and secretary. 
Section 2. The function of the Board of Trustees shall be to receive and administer 
the funds of the Society, to have full legal control of its investments and properties, 
to make contracts and, in general, to conduct all business affairs of the Society. 
Section 3. The Board of Trustees shall have the power to appoint a manager and 
such assistants and agents as may be necessary or convenient to facilitate the conduct 
of the affairs of the Society, and to fix the terms and conditions of their employment. 
The Board may delegate to the officers of the Society duties and powers normally 
inhering in their respective corporative offices, subject to supervision by the Board. 
The Board of Trustees may appoint committees to facilitate the conduct of the finan- 
cial business of the Society and delegate to such committees such powers as may be 
necessary or convenient for the proper exercise of those powers. Agents appointed, 
or members of committees designated, by the Board of Trustees need not be members 
of the Board. 
Nothing herein contained shall be construed to empower the Board of Trustees 
to divest itself of responsibility for, or legal control of, the investments, properties 
and contracts of the Society. 


ARTICLE III 


Publications Committees 
Section 1. There shall be eight Publications Committees, which shall be the seven 
Editorial Committees specified in Section 2 of this Article and the Committee on 
Printing and Publishing specified in Section 3 of this Article. 
Section 2. There shall be seven Editorial Committees as follows: committees for 
the Bulletin, for the Proceedings, for the Colloquium Publications, for Mathematical 
Surveys, for Jlrlathematical Reviews, a joint committee for the Transactions and the 
Memoirs and a committee consisting of the representatives of the Society on the Board 
of Edi tors of the A merican Journal of ]iff athematics. 
Section 3. There shall be a Committee on Printing and Publishing. 
Section 4. The size of each Publication Committee shall be determined by the 
Council. 
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ARTICLE IV 


Council 
Section 1. The Council shall consist of fifteen members at large and the following 
ex officio members: the officers of the Society specified ill Article 1, the members of the 
Publications Committees specifIed in Article III, any former Secretary for a period 
of two years following his terms of office, and members of the Executive Committee 
who remain on the Council by the operation of Article VII, Section 4. 
Section 2. The Council shall formulate and administer the scientific policies of the 
Society and shall act in an advisory capacity to the Board of Trustees. 
Section 3. In the absence of the Secretary from any meeting of the Council, one 
of the Associate Secretaries present may be designated as Acting Secretary for the 
meeting, either by written authorization of the Secretary, or, failing that, by majority 
agreement among the Associate Secretaries present. 
Section 4. All members of the Council shall be voting members. The method for 
settling matters before the Council at any meeting shall be by nMjority vote of the 
members present. If the result of a vote is challenged, it shall be the duty of the pre- 
siding officer to determine the true vote by a roll call. In a roll call vote, each Council 
Illember shall vote only once (although he may be a member of the Council in several 
capacities), and he shall state before the vote in which capacity he votes. The group 
consisting of the four Associate Secretaries shall have one vote, and it shall be divided 
equally among those who vote as Associate Secretaries. Each of the eight Publications 
Committees shall have one vote, and it shall be divided equally among those who vote 
as Illembers of the respective Publications Committees. All other members of the 
Council shall have one vote each. Fractional votes shall be counted. 
Section 5. Any group of members of the Council who have a total of five votes as 
defined in Section 4 of this Article shall constitute a quorunl for the transaction of 
business at any meeting of the Council. 
Section 6. Between meetings of the Council, business may be transacted by a mail 
vote. Votes shall be counted as in the case of a roll call vote as specified in Section 4 
of this Article, "nlembers present" being replaced by "members voting." An affirma- 
tive vote by mail on any proposal shall be declared if and only if (a) more than half 
of the total number of possible votes is received by the time announced for the closing 
of the polls, and (b) at least three-quarters of the votes received by then are affirma- 
tive. If members who have a total of five or more votes request postponement at the 
time of voting, action on the matter at issue shall be postponed until the next meet- 
ing of the Council, unless either (1) at the discretion of the Secretary, the question 
is made the subject of a second vote by mail, in connection with which brief statements 
of reasons, for and against, are circulated or (2) the Council places the matter at issue 
before the Executive Committee for action. 
Section 7. The Council may delegate to the Executive Committee (Article V) 
certain of its duties and powers. Between meetings of the Council the Executive Com- 
mittee shall act for the Council on such matters and in such ways as the Council may 
specify. Nothing herein contained shall be construed as empowering the Council to 
divest itself of responsibility for formulating and administering the scientific policies 
of the Society. 
Section 8. The Council shall also have power to speak in the name of the Society 
with respect to matters affecting the status of mathematics or mathematicians, such 
as proposed or enacted Federal or State Legislation, conditions of employment in 
universities, colleges, or business, research or industrial organizations, regulations, 
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policies or acts of governmental agencies or instrumentalities, and other items which 
tend to affect the dignity and effective position of mathematics. 
\Vith the exception noted in the next paragraph, a favorable vote of two-thirds 
of the entire membership of the Council, taken in accordance with the provisions of 
Section 4 of this Article, shall be necessary to authorize any statement in the name of 
the Society with respect to such matters. \Vith the exception noted in the next para- 
graph, such a vote may be taken only if written notice shall have been given to the 
Secretary by the proposer of any such resolution not later than one month prior to the 
Council meeting at which the matter is to be presented, and the vote shall be taken 
not earlier than one month after the resolution has been discussed by the Council. 
If, at a meeting of the Council, there are present members having a total of twelve 
votes, as defined in Section 4 of this Article, then the prior notification to the Secretary 
may be waived by unanimous consent. In such a case, a unanimous favorable vote by 
those present shall empower the Council to speak in the name of the Society. 
The Council may also refer the matter to a referendum mail vote of the entire 
membership of the Society, and shall make such reference if a referendum is requested, 
prior to final action by the Council, by two hundred or more members. The taking 
of a referendum shall act as a stay upon Council action until the votes have been 
canvassed, and thereafter no action may be taken by the Council except in accordance 
with a plurality of the votes cast in the referendum. 


ARTICLE V 


Executive Committee 
Section 1. There shall be an Executive Committee of the Council, consisting of 
four elected members and the following ex officio members: the President, the Secre- 
tary, the President Elect (during even-numbered years), and the Ex-president (during 
odd-numbered years). 
Section 2. The Executive Committee of the Council shall be empowered to act for 
the Council on matters which have been delegated to the Executive Committee by 
the Council. If three members of the Executive Committee request that any matter 
be referred to the Council, the matter shall be so referred. The Executive Committee 
shall be responsible to the Council and shall report its actions to the Council. I t may 
consider the agenda for meetings of the Council and may make recommendations to 
the Council. 
Section 3. Each member of the Executive Committee shall have one vote. An 
affirmative vote on any proposal before the Executive Committee shall be declared 
if and only if at least four affirmative votes are cast for the proposal. A vote on any 
proposal may be determined at a meeting of the Executive Committee, but it shall 
not be necessary to hold a meeting to determine a vote. 


ARTICLE VI 


Execu ti ve Director 
Section 1. There shall be an Executive Director who shall be a paid employee of 
the Society. He shall have charge of the central office of the Society, and he shall be 
responsible for the general administration of the affairs of the Society in accordance 
with the policies that are set by the Board of Trustees and by the Council. 
Section 2. The Executive Director shall be elected by the Council for a specified 
term and approved by the Board of Trustees. The terms and conditions of his em- 
ployment shall be fixed by the Board of Trustees. 
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Section 3. The Executive Director shall work under the immediate direction of 
the Board of Trustees and of the Council, and in cooperation with the Secretary. He 
shall attend meetings of the Board of Trustees, of the Council, and of the Executive 
Committee, but he shall not be a member of any of these bodies. 


ARTICLE VII 


Election and Terms of Officers 
Section 1. The term of office shall be one year in the case of the President Elect 
and the Ex-president, fiye years in the case of the Trustees, two years in the case 
of the President, Vice Presidents, the Secretary, the Associate Secretaries and the 
Treasurer. The ternl of office in case of members of the Publications Committees shall 
be three years, except that when the size of a Publication Committee is changed the 
Council may authorize the election of a member for a term of less than three years. 
The term of office for 111embers at large of the Council shall be three years, five of the 
nlembers at large retiring annually. The term of office for elected members of the 
Executive Committee shall be two years, two of the elected members retiring annually. 
All terms of office shall begin on January 1 and terminate on December 31 with the 
exception that the officials specified in Articles I, II, III, IV, and V (excepting the 
President Elect and Ex-president) shall continue to serve until their successors have 
been duly elected and qualified. 
Section 2. The President Elect, the Vice Presidents, the Secretary, the Associate 
Secretaries, the Treasurer, the Trustees, the members of the Publications Committees, 
and the members-at-Iarge of the Council shall be elected by written ballot. An official 
ballot shall be sent to each member of the Society by the Secretary on or before Octo- 
ber 10, and such ballots, if returned to the Secretary in envelopes bearing the name of 
the voter and received within 30 days, shall be counted. Each ballot shall contain one 
or more names proposed by the Council for each office to be filled, with blank spaces 
in which the voter may substitute other names. A plurality of all votes cast shall be 
necessary for election. In case of failure to secure a plurality for any office, the 
Council shall choose by written ballot among the members having the highest num- 
ber of votes. 
Section 3. At the end of his term of office, the President Elect shall become the 
President. At the end of his term of office, the President shall become the Ex-President. 
Section 4. On or before January 15, the Secretary shall send to all members of the 
Council for a mail vote a ballot containing two names for each place to be filled on the 
Executive Committee. The nominees shall be chosen by a committee appointed by 
the President. Members of the Council may vote for persons not nominated. Any 
member of the Council who is not an ex officio member of the Executive Committee 
(see Article V, Section 1) shall be eligible for election to the Executive Committee. In 
case a member is elected to the Executive Committee for a term extending beyond 
his regular term on the Council, he shall automatically continue as a member of the 
Council during his term on the Executive Committee. 
Section 5. The President and Vice Presidents shall not be eligible for immediate 
re-election to their respective offices. A member at large or an ex officio member of the 
Council shall not be eligible for immediate election (or re-election) as a member at 
large of the Council. 
Section 6. If the President of the Society die or resign while a President Elect is in 
office, the President Elect shall serve as President for the remainder of the year and 
thereafter shall serve his regular two-year term. If the President of the Society die 



195 8 ] 


BY-LAWS 


405 


or resign when no President Elect is in office, the Council, with the approval of the 
Board of Trustees, shall designate one of the Vice Presidents to serve as President 
for the balance of the regular presidential term. If the President Elect of the Society 
die or resign before becoming President, his office shall remain vacant until the next 
regular election of a President Elect, and the Society shall, at the next Annual Meet- 
ing, elect a President for a two-year term. If the Ex-president die or resign before the 
expiration of his term of office, the Council, with the approval of the Board of Trus- 
tees, shall designate a former President of the Society to serve as Ex-president during 
the remainder of the regular term of the Ex-presidency. Such vacancies as may occur 
at any time in the group consisting of the Vice Presidents, the Secretary, the Associate 
Secretaries, the Treasurer, and the men1bers of the Publications Committees shall be 
filled by the Council with the approval of the Board of Trustees. If a member of a 
Publications Committee takes temporary leave from his duties, that Committee shall 
nominate a substitute for consideration by the Council. The Council shall then elect 
a substitute. The Council shall fill from its own membership any vacancy in the 
elected membership of the Executive Committee. 
Section 7. If any Trustee die or resign during his tenure of office, the vacancy thus 
created shall be filled for his unexpired term by the Board of Trustees. 
Section 8. If any member at large of the Council die or resign more than one year 
before the expiration of his term, the vacancy for the unexpired term shall be filled by 
the Society at the next Annuall\Jleeting. 
Section 9. In case any officer dies or declines to serve between the time of election 
and the time at which he was to assume office, the vacancy shall be filled in the same 
manner as if he had served one day of his term. 


ARTICLE VIII 


!Ylembers and their Election 
Section 1. Election of members shall be by vote of the Councilor of its Executive 
Commi ttee. 
Section 2. There shall be four classes of members, namely ordinary, contributing, 
corporate, and institutional. 
Section 3. Application for admission to ordinary membership shall be made by 
the applicant on a blank provided by the Secretary, and shall be approved either by 
two ordinary members of the Society or by the institutional member whose nominee 
he is (see Article IX, Section 6). Such applications shall not be acted upon until at 
least thirty days after their presentation to the Council (at a meeting or by mail), 
except in the case of members of other societies entering under special action of the 
Council approved by the Board of Trustees. 
Section 4. An ordinary member may become a contributing member by paying the 
dues for such melnbership. (See Article IX, Section 3.) 
Section 5. A university or college, or a firm, corporation, or association interested 
in the support of mathematics may be elected a corporate or an institutional member. 


ARTICLE IX 


Dues and Privileges of Members 
Section 1. Any applicant shall be admitted to ordinary membership immediately 
upon election by the Council (Article VIII) and the discharge within sixty ddYS of 
election of his first annual dues. Dues may be discharged by payment or by remission 
when the provision of Section 7 of his Article is applicable. The first annual dues shall 
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apply to the year of election, except that if any applicant is elected after August 15 
of any year he may elect to have his first annual dues apply to the following year. 
Section 2. The annual dues of an ordinary member of the Society shall be fourteen 
dollars, except that the Council, with the approval of the Board of Trustees, may 
establish special rates in exceptional cases and for members of an organization with 
which the Society has a reciprocity agreement. 
Section 3. The minimum dues for a contributing member shall be twenty dollars 
per year. .l\lembers may, upon their own initiative, pay larger dues. 
Section 4. The minimum dues of an institutional member shall depend on the 
amount of published material credited to that member in certain journals during a 
specific period. The formula for computing these dues shall be established from time 
to time by the Council subject to approval by the Board of Trustees. Institutions 
may pay larger dues than the computed minimum. 
Section 5. The minimum annual dues of a corporate member shall be one thousand 
dollars. 
Section 6. The privileges of a corporate or an institutional member shall depend 
on its dues in a manner to be deteremined by the Council, subject to approval by the 
Board of Trustees. These privileges shall be in terms of Society publications to be 
received by the institution and of the number of persons it may nominate for ordinary 
membership in the Society. 
Section 7. The dues of an ordinary member of the Society shall be remitted for 
any years during which he is the nominee of an institutional member. 
Section 8. After retirement from active service on account of age, any ordinary or 
contributing member who is not in arrears of dues and with membership extending 
over at least twenty years may, by giving proper notification to the Secretary, have 
his dues remitted, on the understanding that he will thereafter receive the programs 
of the meetings but not the Bulletin and Proceedings. 
Section 9. An ordinary or contributing member shall receive the Bulletin and 
Proceedings as privileges of membership during each year for which his dues have 
been discharged, except that a member may substitute for the Proceedings, the 
Transactions or J..lathematical Reviews by paying a premium established by the 
Trustees for this privilege. 
Section 10. The annual dues of ordinary, contributing, and corporate members 
shall be payable after October first of the preceding year and due by January first 
of the year to which they apply. The Society shall submit bills for dues. If the annual 
dues of any member remain undischarged beyond what the Board of Trustees deem to 
be a reasonable time, his name shall, after due notice, be removed from the list of 
members. If a member wishes to discontinue his membership at any time, he shall 
submit his resignation in writing to the Society. 
Section 11. Any member who became a life member before October 25, 1941, by 
the payment of a sum determined in accordance with actuarial principles shall have 
for life the status and privileges of an ordinary member without further payment of 
dues. No additional applications for life memberships will be accepted. 


ARTICLE X 


Meetings 
Section 1. The Annuall\leeting of the Society shall be held between the fifteenth 
of December and the tenth of February next following. Notice of the time and place 
of this meeting shall be mailed by the Secretary or an Associate Secretary to the last 
known post office address of each member of the Society. The times and places of the 
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Annual and other 111eetings of the Society shall be designated by the Council. There 
shall be a business meeting of the Society at the Annual Meeting and at the Summer 
Meeting. A business meeting of the Society shall take final action only on business 
accepted by unanimous consent, or business notified to the full membership of the 
Society in the call for the meeting. Such notification shall be made only when so 
directed by a previous business meeting of the Society or by the Council. 
Section 2. Meetings of the Executive Committee may be called by the President; 
he shall call a meeting at any time upon the written request of two of its members. 
Section 3. The Council shall meet at the AnnuallVleeting of the Society. Special 
meetings of the Council may be called by the President; he shall call a special meeting 
at any time upon the written request of five of its members. No special meeting of the 
Council shall be held unless written notice of it shall have been sent to all members of 
the Council at least ten days before the day set for the meeting. 
Section 4. The Board of Trustees shall hold at least one meeting in each calendar 
year. Meetings of the Board of Trustees may be called by the President, the Treasurer, 
or the Secretary of the Society upon three days' notice of such meetings mailed to the 
the last known post office address of each Trustee. The Secretary of the Society shall 
call a meeting upon the receipt of a written request of two of the trustees. lVleetings 
may also be held by common consent of all the Trustees. 
Section 5. Papers intended for presentation at any meeting of the Society shall be 
passed upon in advance by a program committee appointed by or under the authority 
of the Council; and only such papers shall be presented as shall have been approved 
by such committee. Papers in form unsuitable for publication, if accepted for presen- 
tation, shall be referred to on the program as preliminary communications or reports. 


ARTICLE XI 


Publications 
Section 1. The Society shall publish an official organ called the Bulletin of the 
American Mathematical Society. It shall publish two journals, known as the Trans- 
actions of the American Mathematical Society and the Proceedings of the American 
]{athematical Society. It shall publish a series of mathematical papers known as the 
Memoirs of the American Mathematical Society. The object of the Transactions, Pro- 
ceedings, and Memoirs is to make known important mathematical researches. It shall 
publish a periodical called Mathematical Reviews, containing abstracts or reviews of 
current mathematical literature. It shall publish a series of volumes called Colloquium 
Publications which shall embody in book form new mathematical developments. It 
shall publish a series of monographs called Mathematical Surveys which shall furnish 
expositions of the principal methods and results of particular fields of mathematical 
research. It shall also cooperate in the conduct of the American Journal of Mathe- 
matics. It shall publish a news periodical known as the Notices of the American 
Mathematical Society, containing programs of meetings, items of news of particular 
interest to mathematicians, and such other material as the Council may direct. 
Section 2. The editorial management of the publications of the Society listed in 
Section 1 of this article, with the exception of the Notices, and the participation of the 
Society in the editorial management of the American Journal of Mathematics shall be 
in charge of the respective Editorial Committees as provided in Article III, Section 2. 
The editorial management of the Notices shall be in the hands of the Executive Direc- 
tor. 
Section 3. The Committee on Printing and Publishing shall advise the Council 
and Board of Trustees on business and non-editorial matters concerning the publica- 
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tions of the Society, and shall perform such other functions and shall exercise such 
powers as are properly assigned or delegated to it by the Council or the Board of 
Trustees. 


ARTICLE:XII 
Amendments 
These By-Laws may be amended or suspended at any meeting of the Society on 
recommendation of the Council and by a two-thirds vote of the members present, 
provided notice of such proposed action and of its general nature shall have been 
given in the call for such meeting. 
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